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Abstract

Introduction. Statistical data are used as a basis for assessing the reliability of engineering structures. However,
incomplete data or inaccurate modeling of random variables may lead to an overestimation of reliability indicators. In
practice, laws with infinitely decreasing or increasing distribution functions of an exponential family are usually used to
model random variables characterizing the bearing capacity, load, and resource of engineering structures. To improve
the accuracy of modeling of random variables, truncated forms of distribution laws are often used. These forms allow us
to consider the random variable within a specified interval, excluding impossible values. Several studies have suggested
using the Fisher-Tippett law with three parameters for modeling random variables related to the loading of engineering
structures. The advantage of this law is that it limits the range of the random variable on the right side, but the left side
of the distribution function decreases indefinitely, which is not ideal for load characteristics. To improve the accuracy of
predicting random variables that characterize the load, it would be helpful to have a left-sided restriction using the
Fisher-Tippett law. Currently, there are no descriptions of truncated forms of the distribution law in scientific literature.
This article will explore the justification and development of a three-parameter truncated form of the Fisher-Tippett law
and its use in calculation methods. The goal is to create a left-sided truncated version of the Fisher-Tippett distribution
with three parameters to model random variables within a specific range.

Materials and Methods. The article provides a detailed description of the history of the Fisher-Tippet law, including its
three-parameter form, and justifies the need for obtaining its truncated form.

Results. As a result of the research, a truncated form of the Fisher-Tippet three-parameter law in differential and
integral forms was obtained and substantiated. The findings included graphs and calculations that demonstrated the
normalization of a random variable within a given range.

Discussion and Conclusion. The conclusion was drawn about the advantages and disadvantages of the truncated form
of the Fisher-Tippet law. The possibility of its practical application in the schematization of random loading processes
under operating conditions and testing of machine elements and structures to assess fatigue life and determine fatigue
resistance characteristics was established. The direction of further research is related to the practical use of the truncated
form, particularly with the need to develop a method for evaluating the parameters of the truncated distribution and
verifying the consistency of the proposed model.
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OpueuﬂaﬂbHoe meopemuyieckoe uccnedosatue

Yceuyennas ¢popma 3axoHa @umiepa-Tunmnera 11 MOAETMPOBAHUA HATPYKEHHOCTH
MAaIIHHOCTPOUTEC/IbHBIX KOHCprKHI/Iﬁ
A.A. KotecoB

JloHCKOH rocy1apCTBEHHBII TEXHUUECKHI YHUBEpCUTET, T. PocToB-Ha-/lony, Poccuiickas ®enepanus
P4 a.kotesov@yandex.ru

AHHOTALMSA

Bgeoenue. CratcTuuecKue NaHHBIE CIy>KaT OCHOBOM MAJIs OLIEHKM IIOKa3aTeNled HaJIeKHOCTH MAIIMHOCTPOUTENBHBIX
KOHCTpyKIMi. HemnomHoTa Takux MAaHHBIX HIM HETOYHOCTh IPH MOJAEIUPOBAHUM CIyYaiHbIX BEIMYMH MOTYT CTaTh
MPUYMHOW 3aBBILICHHOM OLEHKM IpU OINpENENIeHMH IoKazaTened HajexHocTu. Ha npakTuke s MOAEIMPOBAHHUS
CIIyJalHbIX BCJIMYMH, XapPaKTCPH3YIONIMX HECYIIYIH0 CIIOCOOHOCTh, HArpy)>KEHHOCTb, PECYpC MAIIMHOCTPOUTEIbHBIX
KOHCTPYKIIMH, 0OBIYHO PUMEHSIIOT 3aKOHBI C OECKOHEYHO YOBIBAIOIIMMHU M BO3PACTAIOIINMH (DYHKIUSAMH pacipeaesieHHs
SKCIIOHEHIMAIBHOTO ceMeicTBa. J{1s MOBBINIEHHsI TOYHOCTU IIPH MOJEIMPOBAHUY CITy4allHBIX BEJIMUMH 9acTO MCIONb3YIOT
yceueHHble ()OPMbI 3aKOHOB PAaCIIpe/ieIeHus], KOTOpbIE MO3BOJISIIOT PAacCMATpUBAaTh CITy4ailHylO BEJIMYMHY B 3aJJAHHOM
WHTEpBaJle, UCKIIOYas TeM CaMbIM 00JIaCTh HEBO3MOXKHBIX 3HAueHHH. B psine paboT mis MOAENMPOBAHUS CITy4aiHBIX
BEJIMYUH, XapaKTEpU3YIOIUX HArpy’>KEHHOCTh MAIIMHOCTPOUTENBHBIX KOHCTPYKLUM, NpeularacTcs HCIOIb30BaTh 3aKOH
Ouepa-Tunnera ¢ TpeMs napamerpamu. lIperMyllecTBOM [IaHHOTO 3aKOHa SIBJIAETCA MapaMeTp, OrpaHUYMBArOILUI
00J1acTh ONpe/IeNIeHHs] pacCMaTPUBAEMOH CITy4aifHOI BEJIMYMHBI CIIPaBa, HO IIPU 9TOM JIeBasi YacTh (DYHIMU paclpe/iesieHHs
OECKOHEYHO yOBIBACT, 4TO HE COBCEM KOPPEKTHO I XapaKTEPUCTHK HarpyXEeHHOCTH. [103TOMy /1S TIOBBIIICHHUS TOYHOCTH
MOJIEIUPOBAHUS CIyYalHbIX BENUYMH, XapaKTEPH3YIOIIUX HAarpyXeHHOCTb, 3akoHOM Purepa-Tummera meiaecooOpasHO
WMETh OTpaHrYeHHe ciieBa. B HacTOsIIMIT MOMEHT B Hay4YHOH JIUTEpaType He MPeCTaBICHO OIIMCAHNE YCEUSHHBIX (hOpM JTst
3aKOHa paclpeieNieHus, T0TOMY B IIpeularaeMoil craTbe OyIyT pacCMOTpEeHBI OOOCHOBaHHE M IIOy4YEHHE YCEUeHHOU
¢opmsbl 3akona Puimepa-Tumnmera ¢ TpeMs mapameTpaMy | HOCIIELYIOIIEE NCTIONB30BAHNIE €€ B PACUETHBIX METOIHMKaX. B
CBSI3M C OTUM II€Jb aBTOPa — IMOJyYCHHE JICBOCTOPOHHEH yceueHHOW (opmbl 3akoHa Purnepa-Tummera ¢ Tpems
rapaMeTpamHy I MOJEIMPOBAHNS CIy4aiHbIX BEIMYMH B 33JaHHOM HHTEpBAJIE.

Mamepuanvt u memoodv.. B cratbe MOAPOOHO ONMCaHAa WCTOPHA MONYyYEHHs, MNPEACTABICHO ONHCAaHHWE WU
OTJIMYUTENbHBIE 0COOEHHOCTH 3akoHa Duinepa-Tunmera ¢ TpeMs: napameTrpamu, a Tak)ke 000CHOBaHa HE0OXOIMMOCTh
TIOJTYYEHHS €T0 yCEUEHHOH (POPMBIL.

Pesynemamut uccnedoeanusn. B pesynprare nccieqoBaHHs OOOCHOBaHA M IIOMyYeHa ycedeHHas (opMma 3aKoHa
@umiepa-Tunnera ¢ Tpems napamerpaMu B quddepeHnnaisHOM 1 MHTETpaIbHOM BUJe. [IpencraBieHbl pe3yibTaThl
BBIYHMCIICHUH U rpaduky GYHKIMH, TOATBEP>KAAI0IINEe HOPMUPOBKY CITy4aifHOI BEIMYMHBI B 3aJaHHOM MHTEpBAJIC.
O6cyscoenue u 3axnoyenue. Crienad BBIBOJ O IIPEHUMYIIIECTBAX M HEAOCTATKAX ycedeHHON (GopMel 3akoHa Durepa-Twurmmera.
OrmpezieneHa BO3MOXKHOCTh MPAKTUYECKOTO TPHUMEHEHWS! YCEUEHHOIO 3aKOHAa IPH CXEMATH3alWH CIIy4YaiHBIX MPOLECCOB
Harpy»kKeHHs, BO3HUKAIOIIUX B YCIOBUSIX KCIUTyaTal[UX WIIU UCIIBITAHUI AJIEMEHTOB MAILIH U KOHCTPYKLUH IS OLIEHKH! yCTa-
JIOCTHOH JTOJITOBEYHOCTU U OIPEIETICHUS XapaKTEPUCTHK COMPOTHUBIICHHS ycTanocTu. HamnpasneHye qanpbHeHmX ucenenoBa-
HHI CBS3BIBACTCS C MPAKTHYECKUM MPHUMEHEHHEM YCEUeHHOH ()OPMBI, B YaCTHOCTH € HEOOXOMMOCTBIO Pa3pabOTKH METOMKH
JUTSL OLICHKU [TapaMeTpOB YCEUEHHOTO 3aKOHA U TIPOBEPKU COMVIACHS MPEIOKEHHON MOJIEIIH.

KuroueBsble ciioBa: ciyvaiiHas BeJIUYHHA, 3aKOH PacIpeeIeHus, yceueHHass popma, HAarpyKEHHOCTb, HAISKHOCTh

Bﬂaronapnocnl. ABTOp BbIpakacT 6J'Ial"0ﬂapHOCTI> PCUOCH3CHTAM, 4Ybsl KPUTHYCCKAd OLCHKA MPCACTABJICHHBIX
MaTe€prUaIOB U NPEIIIOKEHUSA 10 UX COBEPIICHCTBOBAHUIO CII0COOCTBOBAIH SHAYUTECIIbHOMY ITOBBINICHUIO Ka4Y€CTBa
H3JI0OKECHHUA PE3YJbTATOB UCCICAOBAHUA, TPEACTABJICHHBIX B HACTOSIIEH CTaThe.

Mo uutupoBanms. KorecoB A.A. YceuenHas popma 3akona ®umrepa-Tunmera [yt MOJAEIUPOBAHUS HAIPY>KEHHOCTH
MaIIMHOCTPOUTENBHBIX KOHCTPYKIHHA. besonacHocmv mexnoeeHHvlX U npupoOHuix cucmem. 2024;8(4):39—-46.
https://doi.org/10.23947/2541-9129-2024-8-4-39-46

Introduction. Ensuring the reliability of mechanical engineering structures remains a crucial task at the present
time. Failure of load-bearing elements in these structures during operation can lead to dangerous situations and
economic losses. Consequently, the issues of determining reliability indicators, as well as the development of methods
for a more accurate and reliable assessment of these indicators, as well as related research, are undoubtedly important
and relevant.

In particular, the works of Professor V.E. Kas'yanov [1] emphasize that a reliable car is not necessarily expensive
or more expensive than a less reliable one. Low reliability can be caused by various factors. One possible cause of
sudden failures is the imperfection of calculation methods and the incompleteness of statistical data used to assess
reliability indicators [2].
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In practice, the laws of distribution of an exponential family with infinitely decreasing distribution functions are
usually used to model random variables characterizing the bearing capacity, load, and resource of machine-building
structures. This is described in detail in the works of V.V. Moskvichev and M.A. Kovalev [3], I.A. Panachev and
I.V. Kuznetsov [4], G.Sh. Khazanovich and D.S. Apryshkin [5]. To increase accuracy, truncated forms of distribution
laws are usually used, which allow us to consider a random variable in a given interval, focusing on available statistical
data to determine the appropriate boundaries. V.E.Kas'yanov, L.P.Shchulkin[6], D.B.Demchenko [7],
A.A. Kotesova [8] have proposed using the Fisher-Tippett law with three parameters for modeling random variables
characterizing the loading of machine-building structures. The advantage of this law is the parameter that limits the area
of definition of the random variable in question on the right, but at the same time the left part of the distribution
function decreases infinitely, which is not entirely correct for load characteristics. Therefore, in order to increase the
accuracy of modeling random variables characterizing the load, it is advisable to have a restriction on the left by the
Fisher-Tippett law. Truncated forms for the most commonly applied laws are known and used in computational
methods!. However, there is currently no description of a truncated Fisher-Tipet law in scientific literature. Therefore,
this article addresses the issue of substantiating and obtaining a truncated form of the Fisher-Tippett law with three
parameters and its subsequent use in calculation methods.

Materials and Methods. When modeling random variables, the Gaussian distribution (normal law) is most often
used, and this is largely justified [9]. The limits of determining random variables in this model are set by the interval
(—o0; ), which is not entirely correct for the characteristics of strength, load, and resources. Therefore, for modeling
such random variables in the works of V.E. Kas'yanov, it is proposed to use the Weibull model with three parameters,
which differs from the Gaussian model and the two-parameter Weibull in that it sets a slightly different interval for a
random variable [c; ), where ¢ is the shift parameter that determines the minimum value of a random variable, i.e. it
has a restriction on the left.

The density function of the distribution of Weibull's law with three parameters defines the expression:

b-1 [x—c b
f(x|a,b,c)=§(%j e [ a ] , (D

where x — value of a random variable; a, b, c — parameters of scale, shape and shift of the distribution, respectively.

It is also proposed to use one of the three limiting forms of distributions attributed to type III by R. Fisher and
K. Tippett to model the load characteristics. The distributions of Gumbel and Frechet were assigned to the first and
second types, respectively [10].

The density function of the distribution of the third type defines the following expression:

F )= k(=) e @
where x — value of a random variable; k — shape parameter.

It is obvious that this distribution is similar to the one-parameter Weibull distribution, which is also a special case of
the generalized distribution of extreme values [11], only oriented to minimum values. By specifying the notation and
adding additional parameters to expression (2) by analogy with the three-parameter Weibull's law, namely scale
parameter — a and shift parameter (position) — ¢, we obtain the following expression for the distribution density
function:

b1 [(e=xY
f(x|a,b,c)=§(c;xj e [ a4 j , (3)

where x — value of a random variable; a, b, c — the parameters of scale, shape and shift of the distribution,
respectively.
Integrating expression (3) with respect to x, we obtain the distribution function of the law:

F(x)= jf(x |a,b,c) dx,

F(x)= 67[7] . (4)

The resulting expression is proposed to be called the Fisher-Tippett law with three parameters, which, unlike the

Weibull law, has a restriction on the right and defines the domain of determination of a random variable in the
interval (—oo;c].

'RTM 24.090.25-76 Lifting cranes. Calculation of the probability of failure-free operation of the elements. (In Russ.) URL:
https://gostrf.com/normadata/1/4293827/4293827795.htm (accessed: 15.05.2024).
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As you can see, the Fisher-Tippett law with three parameters does not have a restriction on the left. The assumption
of this model, given by the interval (—o0;0], may contradict the physical meaning of the random variables under
consideration. In particular, the interval [0;c] will be more correct for load characteristics. Therefore, it is necessary to
define the left-hand truncated form of the Fisher-Tippett law.

To solve this problem, it is proposed to use an approach similar to the approach considered in [12] and [13] to obtain
a right-sided truncated Weibull law.

Research Results. To obtain the left-hand truncated form of the Fisher-Tippett law, it is necessary to set a condition
under which all values of random variable x will be greater than a certain predetermined value t, which, in turn, will
determine the truncation point of the law on the left, i.e. x€[#;c]. Let us suppose that X; (¢ > 0) denotes a left-truncated
random variable distributed according to the Fisher—Tippett law, such that F;=c—x|c—x > t, where x € W (a, b), a, b
>0 and ¢ > ¢. Since ¢ > 0, the value of the integral of the distribution density function f'(x) in the interval [#;c] will be

less than in the interval [—oo;c]:

c

c
J.f(x|a,b,c) dx < Jf(x la,b,c)dx=1.
t —0
Therefore, to obtain a truncated form, it is necessary to redistribute the random variable in the interval [—o0;f] by

determining the normalizing coefficient dependent on t:

K, J.f(x |a,b,c)dx = jf(x|a,b,c) dx,
t —00

K. ~If(x |a,b,c)dx =1,
t

1
Kpg=m——".

t:c] c

jf(x|a,b,c) dx

t

1
K= "7
T F(c)=F(1)
where F(c) and F(f) — distribution function of the Fisher-Tippett law with three parameters, respectively, for x =c and x=+.
Therefore, the truncated distribution function will be determined by the following expression:

Je(xla.b.c) =Ky, g f(xlab.c),
f(x|a,b,c)

f[m](x|a,b,c)= F(x=c)-F(x=t)’
since F(c) = 1, we get:
f(xlab,c)
f[z,-c](x|a;b»0)=m-

As a result, we obtain a distribution density function for the left-hand truncated form of the Fisher-Tippett law with

three parameters in the range [#;c]:

b
b (c—xjh_l ‘(7)
— e
a\ a
fig(xlab.e)= ,,

[t

l-e ( “ )
where x — value of a random variable; a, b, c — parameters of scale, shape and shift of the distribution, respectively;
t — truncation point of the distribution (the minimum possible value of a random variable).

; 6))
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Obviously, taking ¢ = 0, we get the following expression for the interval [0;c]:

b

fe=r)
a

Jioag(xlab,c)=5 =
1- e_(gj

In order to demonstrate the result obtained, the distribution parameters (¢ = 10; b =2.5; ¢ = 15) are arbitrarily set,
graphs of the distribution density functions of initial (3) and truncated form (6) of the Fisher-Tippett law are
constructed (Fig. 1). According to the specified parameters, certain integrals from the initial density function are
calculated (3) and density functions of the truncated form (6) in the intervals (—oo;c], (—o0;0], [0;c] are calculated. The

(6)

calculations were performed in the Mathcad 14.0.0.163 software package with an acceptable convergence 1-107.
Table 1 presents the calculation results.

0.15

0.10 / 2N
g ’ , 4 "-\‘l\‘
x,.f / ‘v"\‘\

0.05 ,r \

0.00 I \

-10 0 10 x

Fig. 1. Graphs of density distribution of the Fisher-Tippett law with three parameters (a = 10; b =2.5; ¢ = 15):
1 — initial density function; 2 — density function of the truncated law

Table 1
The results of calculating certain integrals from the density functions of the initial and truncated forms
of the Fisher-Tippett law

Integration function and variable
Interval of a random Limits of integration
variable f(x|ab,c)dx Jio:e (x | a,b,c) dx
lower upper
(—o05¢] —00 c 0.99999999997581260 1.06788096063614480
(—0;0] —00 0 0.06356603700150229 0.06788096066197107
[0sc] 0 c 0.93643395954036040 0.99999999631045600

The graphs of the functions in Figure 1 and the results of the numerical solution presented in Table 1 allow us to
conclude that the analytically obtained distribution density function for the left-hand truncated form of the Fisher-
Tippett law with three parameters (6) is correct and normalizes a random variable in the range [0;c]:

J.f[o,-g] (x|ab,c)dx=1.
0

Machine Building

43



https://bps-journal.ru

44

Kotesov AA. Fisher-Tippet Law Truncated Form for Loading Modeling of Machinery Structures

But at the same time, the function retains the definition area to the left of the truncation point, i.e. in the interval
(—0;0], which must be taken into account when using the truncated form of the law in calculation methods:

c

0 c
J. J0:] (x|a,b,c)dx+ J‘f‘[O;c] (x|a,b,c)dx= I So:] (x|a,b,c)dx>1.

-0 0

To obtain the distribution function of the truncated Fisher-Tippett law, we integrate expression (5):

F[t;c] (x) = J-f[tc] (x | a,b,c)dx,

[c—x]b
e a

Fuq(x)= — @)

1- e_(Tj

Graphs of initial (4) and truncated (7) distribution functions are shown in Figure 2.

1—P 0.9990

0.9900

0.9000

0.8000
0.7000

0.6321 f======--F---1 it SEEE B IS EEE TR EEE ---t-4---1-F1-

0.5000
0.4000

0.3000

0.2000

Y = LN(-LN(I — P))

0.1000

0.0500

0.0100

1 2
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Fig. 2. Graphs of distribution functions of the Fisher-Tippett law with three parameters:
1 — original form; 2 — truncated form (¢ = 0); P — probability; x — random variable

From expression (7) we get the inverse function:

F[l (x)=c—ap|—In B (x)- l—ei(ij . ®)

;,'C]

Discussion and Conclusion. Thus, a left-sided truncated form of the Fisher-Tippett law with three parameters has been
obtained, which can be used to schematize random loading processes that occur under operating conditions or tests of
machine elements and structures according to GOST 25.1012. The use of the truncated form of the law makes it possible to

2 GOST 25.101-83 Strength calculation and testing. Representation of random loading of machine elements and structures and statistical evaluation
of results. (In Russ.) URL: https://docs.cntd.ru/document/1200012857 (accessed: 15.05.2024).
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limit the interval of a random variable and exclude the area of impossible values to the left of the truncation point, which
makes it possible to increase accuracy when using in computational methods for assessing the fatigue life of elements of
mechanical engineering structures according to criteria for accumulation of fatigue damage, modeling the loading process
during fatigue tests and calculating the characteristics of fatigue resistance. The calculation results shows that the
distribution density function of the truncated law is correct and normalizes a random variable in a given interval, but at the
same time retains the area of determination to the left of the truncation point, which is a disadvantage of the resulting
model. Therefore, for the adequate application of the truncated law in calculation methods, it is necessary to introduce an
appropriate restriction. The subject of future research is practical application of the truncated law, in particular, for
statistical data processing, it is necessary to determine the methodology for estimating the parameters of the truncated law
and determining confidence intervals. This includes obtaining expressions for estimating mathematical expectation and
variance, as well as consider the possibility of using existing criteria of agreement.
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006 asmope:

Amnarosnii AHaTtoibeBnY KoTecoB, kaHIUIAT TEXHUYECKUX HAYK, IOUEHT Kadeapbl IKCIUTyaTallui TPAHCIIOPTHBIX
CHCTEM M JIOTUCTUKH JIOHCKOTO rocymapcTBeHHOTro TexHuueckoro yHuBepcurera (344003, Poccuiickas ®Deneparms,
r. PoctoB-Ha-/lony, . ["arapuna, 1), SPIN-kox, ORCID, ScopusID, ResearcherID, a.kotesov(@yandex.ru

Kongauxm unmepecos: aBTop 3asiBJIsieT 00 OTCYTCTBMM KOH(JIMKTA HHTEPECOB.
Aemop npouuman u 0006punt OKOHUAMELHLIL 6APUAHM DYKORUCH.
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