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Abstract 
Introduction. The scientific literature is actively discussing the topic of mathematical modeling of forest fires development 
to predict the speed of spread and area covered. From the perspective of turbulent processes, the height and deflection of 
fire, smoke, and hot air columns, as well as the spread of combustion particles and rational directions for extinguishing the 
fire, are evaluated. However, existing models do not provide a clear understanding of how turbulence occurs during the 
transition of a fire from a near-surface to an unsteady surface layer and higher. In other words, calculating the transition 
from ground fire to its more intense form remains a challenge. Addressing this gap is an urgent scientific and practical task. 
The aim of this study is to refine the equations of mathematical models for predicting the spread of forest fires, in order to 
better control these incidents, which will ultimately help reduce risks and damage from them. 
Materials and Methods. To achieve this goal, we studied works covering different approaches, both theoretical and 
practical, devoted to the problem of predicting the development of fires. The works of D.L. Laikhtman, A.S. Gavrilov, 
and P.M. Matveev were accepted as the main ones. In addition to analyzing these literary sources, the authors applied 
statistical methods of information processing and used the possibilities of mathematical modeling. 
Results. The generally accepted elliptical shape of the contour of a ground forest fire in the R. Rothermel model has 
been interpreted. Its disadvantages for predicting spot and intense crown fires have been demonstrated. The introduction 
of parameters such as relative humidity, terrain slope, surface roughness or viscosity, and features of the burning 
substance into the equation has been evaluated. The types of convection typical of spot and intense crown fires have 
been indicated: internal (thermal) and external (mechanical). The decision not to consider near-surface turbulence has 
been justified. To account for surface air layer turbulence, the authors have relied on the concepts of instability and 
corresponding physical laws. As a result, the basic formula of the R. Rothermel model was supplemented with a second 
layer so that it was possible to predict the development of a fire from a ground one to an intense crown fire. The 
dimensionless parameter of 0.397 was replaced by turbulence coefficient kz. This indicator was introduced into the 
corrected R. Rothermel equation and supplemented with the average Richardson number, which showed the 
relationship between temperature and the diffusion rate in neighboring layers. From these components, an updated 
formula has been developed. The results of simulations for typical cases of convective turbulence and fires, with and 
without turbulence, were presented in tables. Based on the summary data, we could conclude that the model developed 
within the scope of this work was adequate. 
Discussion and Conclusion. When refining the semi-empirical R. Rothermel model for an unsteady surface layer, the 
introduction of a turbulence coefficient is justified. In addition, it is shown that it is necessary to supplement the single-
layer model with second-level formulas characterizing the development of a fire in an unsteady surface layer. The 
adjusted model should more effectively predict the parameters of spot and intense crown fires. Further refinements of 
equations for semi-empirical forest fire models are promising, and it is advisable to continue research in this area. 
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Аннотация 
Введение. В научной литературе довольно активно обсуждается тема математического моделирования развития 
лесных пожаров для прогнозов скорости их распространения и площади, которую они охватят. С точки зрения 
процессов турбулентности оцениваются потенциальная высота и отклонение столбов огня, дыма, горячего воз-
духа, разброс частиц горения и рациональные направления гашения огня. Однако известные модели не дают 
четкого представления о том, как срабатывает турбулентность при переходе пожара с приповерхностного слоя 
на нестационарный приземный и выше. Иными словами, сложно просчитать переход низового пожара в его 
более опасную интенсивную форму. Восполнение этого недостатка — актуальная научная и прикладная задача. 
Цель данной работы — уточнить уравнения математических моделей распространения низовых лесных пожа-
ров для лучшего контроля за этими инцидентами, что в итоге будет способствовать уменьшению рисков и со-
кращению ущерба от них. 
Материалы и методы. Для достижения цели исследования были изучены труды, охватывающие разные под-
ходы, как теоретические, так и прикладные, посвященные проблеме прогнозирования развития пожаров. В ка-
честве основных приняты работы Д.Л. Лайхтмана, А.С. Гаврилова, П.М. Матвеева. Кроме анализа этих литера-
турных источников, авторы применяли статистические методы обработки информации и использовали воз-
можности математического моделирования. 
Результаты исследования. Интерпретирована общепринятая эллиптическая форма контура низового лесного 
пожара в модели Р. Ротермела. Показаны ее недостатки для прогнозирования пятнистых и интенсивных верхо-
вых пожаров. Оценено введение в уравнение таких параметров, как относительная влажность воздуха, уклон 
местности, шероховатость или вязкость поверхности, особенности горящего вещества. Обозначены виды кон-
векций, характерных для пятнистого и интенсивного верхового пожара: внутренняя (термическая) и внешняя 
(механическая). Обоснован отказ от учета приповерхностной турбулентности. Для рассмотрения турбулентно-
сти приземных слоев воздуха авторы руководствовались представлениями о нестационарности и соответству-
ющих физических закономерностях. В итоге базовая формула модели Р. Ротермела была дополнена вторым 
слоем, чтобы можно было прогнозировать развитие пожара от низового к интенсивному верховому. Безразмер-
ный параметр 0,397 заменен коэффициентом турбулентности kz, этот показатель внесен в откорректированное 
равенство Р. Ротермела и дополнен средним числом Ричардсона, которое показывает зависимость между тем-
пературой и скоростью диффузии в соседних слоях. Из этих составляющих была сформирована обновленная 
формула. В виде таблиц представлены результаты моделирования характерных случаев развития конвективной 
турбулентности и пожаров (с учетом и без учета турбулентности). Сводные данные позволяют говорить об 
адекватности модели, созданной в рамках представленной работы. 
Обсуждение и заключение. При уточнении полуэмпирической модели Р. Ротермела для нестационарного при-
земного слоя обосновано введение коэффициента турбулентности. Кроме того, показана необходимость допол-
нения однослойной модели формулами второго уровня, характеризующими развитие пожара в нестационарном 
приземном слое. Откорректированная модель должна более эффективно прогнозировать параметры пятнистых 
и интенсивных верховых пожаров. Перспективны дальнейшие уточнения уравнений полуэмпирических моде-
лей лесных пожаров. Целесообразно продолжить исследования в этом направлении. 

Ключевые слова: математическое моделирование пожара, турбулентность в условиях пожара, переход пожара 
из низового в верховой 
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Introduction. According to the United Nations, the number of severe forest fires is expected to increase by 50% by 
the end of the 21st century. In 2003, fires in Siberia, Russia, destroyed approximately 22 million hectares of forest 
ecosystems. In 2004, 2.6 million hectares of forest were affected in Alaska, USA. In 2010, 1.5 million hectares of forest 
ecosystems were destroyed in Bolivia. In Canada, 0.7 million hectares were lost in 2011, and 3.4 million hectares 
in 2014. In 2020, wildfires destroyed more than 16.8 million hectares of forest in Australia. The economic damage 
amounts to billions of dollars. 

The frequency of forest fires and the damage they cause raise questions about how to adequately model the risks of 
their occurrence. This includes forecasting the development of emergencies and developing measures to minimize 
losses. The construction of model equations assumes that a fire will occur on a specific area during a certain time 
period. It is also necessary to estimate the possible duration of the fire, which depends on a number of factors that can 
be difficult to determine [1]. 

Semi-empirical models allow for the selection and refinement of parameters for effective fire prediction in forest 
ecosystems. These models are based on the principles of mass, energy, and momentum conservation, and they assume 
that the model equations can be written in a simplified form. The corresponding coefficients or empirical parameters are 
obtained as a result of observations or experiments [2]. These models spread in the middle of the 20th century and were 
mainly used to predict grass-root fire dynamics. They usually take into account various parameters related to the 
combustibility of forest materials, including the initial condition of the forest stand and terrain features. 

Meteorological conditions, particularly wind, play a significant role in the occurrence and spread of forest fires. The 
combustibility of forest floor materials and terrain slopes, which are taken into account, for example, in Richard 
Rothermell's model [1-3], are of secondary importance. The aim of this research is to refine the mathematical model of 
the spread of forest fires. This will allow for better emergency response and quicker, more effective action. Timely 
action and appropriate measures can help reduce losses associated with forest fires. 

Materials and Methods. The study is based on an analysis of works on the surface layer instability by 
D.L. Laikhtman, the structure of the boundary layer by A.S. Gavrilov et al. [4, 5], on the detection of forest fires and 
their likelihood of becoming intense by P.M. Matveev et al. 

The authors also used literary, analytical-statistical, and analytical-graphical methods as well as mathematical 
modeling. 

For this study, problems of mathematical modeling in forest fire prediction were analyzed. The almost 
insurmountable difficulties in calculations for the most dangerous wildfires were noted [6–8], which were caused by 
unknown physical characteristics of heat redistribution and the amount of air movement, factors that determined fire 
parameters. 

Therefore, it should be noted that mathematical models do not represent the transformation of spot fires into intense 
crown fires [9]. In the 1970s, P.M. Matveev established that a fire became a spot one if the intensity of convective flows 
was sufficient to raise and transport burning particles. At the same time, their burning time should be sufficient to set 
fire to objects far from the hearth: forest floor, ground vegetation, stands of trees, etc. 

In 1964, N.P. Kurbatsky proposed the first model of heat and mass transfer. In it, the burnout area was estimated by 
the surface air velocity, like most fire propagation models. In 2018, a group of authors proposed a modern version of 
heat and mass transfer model for predicting fire spotting, taking into account the challenges of writing equations and 
still not fully solving the problem [9]. 

As shown in [1–3], spotting is characteristic of any crown fire when the wind increases. However, from the point of 
view of the ground layer physics, a strong ground flow (wind) will contribute to the ignition and spread of fire in its first 
stage. At the second stage, both types of convection develop: 

− internal (generated by fire, own, thermal, with unstable ground layer air); 
− external (created by air-mass conditions, the ground flow velocity loses its significance and prevents the transfor-

mation of a surface fire into a spot, crown one). 
Gavrilov A.S., Mkhanna A.I., Kharchenko E.V. in the article “Verification of the model of atmospheric boundary 

layer applied to the problem prediction of air pollution from forest fires” emphasized the need to take into account the 
proportion of turbulent heat influx in an unstable surface layer with developed thermal turbulence [4]. It was found that 
even with a very insignificant heat flow q = 0.003 W/m2 in surface conditions, the intensity of the turbulent heat influx 
increased significantly — in 35 minutes from 0 to +10.2°С. 

Thus, the role of convection is obvious, especially an internal thermal one [4–5]. This factor should be taken into 
account when constructing mathematical models of the transformation of spot forest fires into crown fires. 

https://bps-journal.ru/
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Results. The R. Rothermel model [1, 6] is based on empirical material and allows us to efficiently calculate the 
parameters of a surface forest fire (Fig. 1). 

 
Fig. 1. The generally accepted elliptical shape of the contour of a surface forest fire 

To predict the behavior of a forest fire, the ellipse parameters are calculated: a, b and с (formulae 1–3). In this case, 
the main computational characteristic of the model is the rate of spread of the forest fire, ωn (m/s), which is determined 
by (4) [1]. 

 1, , ,
2

n nb HBa b c b
LB HB HB

ω + ω
= = + = −  (1) 

 ( ) ( )0 936 0 2566 0 461 0 1548 0 397,LB . exp . U . exp . U .= + − −  (2) 

 
2

2

1 ,
1

LB LBB
LB LB

+ −
=

− −
 (3) 

 ( ) ( )( )0 1 ,n k U k Sω = ω + +  (4) 

where a — segment of the ellipse (height); b — segment of the ellipse (the length in the frontal area of the fire);  
c — segment of the ellipse (the length of the burnt-out area); LB — width of the ellipse segment b; HB — height of the 
ellipse segment b; U — flow (wind) velocity, m/s; ωn — speed of forest fire advance, m/min; ω0 — density of the 
formation of combustible substances, kg/m3; k(U) — size of the particles of vegetative burnt matter, m2; k(S) — rate of 
complete vegetation burnout, m/min. 

The authors believe that this model is not suitable for predicting spot and intense crown fires, as it practically does 
not take into account meteorological parameters except for the speed of surface flow (wind) [7–8]. In this regard, main 
predictive equation (2) should be clarified by incorporating additional parameters. Thus, M.A. Sofronov, in 1967, 
proposed taking into account not only wind speed but also relative humidity, considering its daily fluctuations, and the 
slope of the terrain and surface roughness or viscosity when assessing the spread rate of surface fires [9–11]. 

If a crown fire has evolved from a surface one, the rate of fire propagation should be calculated at two levels: near-
surface (0–1 m) and surface (1–2 m) [12]. In the near-surface layer, it is more important to take into account the 
properties of the burning substance, including its density and quantity (see formula 4). In the surface layer (the second 
level of the model), parameters such as air temperature and humidity, vertical and horizontal flow rates are more 
significant: 

 
1

0 0 0

1 1
,n n

g

t f
t f

ν
ω = ω ⋅ ⋅ ⋅

ν
 (5) 

where ωn1 — fire advance rate in the surface layer, m/min; ωn — fire advance rate in the near-surface layer, m/min, from 
formula (4); t0 — air temperature in the near-surface layer, °С; t1 — air temperature in the surface layer at an altitude of 
1–2 m, °С; v0 — velocity of the air flow in the near-surface layer, m/sec; vg — horizontal component of the air flow 
velocity, m/sec; f0 — relative air humidity in the near-surface air layer, %; f1 — relative air humidity in the surface layer 
at a height of 1–2 m. 

With the presence of a spot and intense wildfire, both internal (thermal) and external (mechanical) convection occur. 
Turbulence causes particles to scatter upwards and away from the source, which can significantly alter the parameters a, 
b, and c. 
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The authors note that it is pointless to take turbulence into account in the near-surface layer (0–1 m), since it is 
extinguished by the surface layer of forest litter or soil. To account for the turbulence of the surface air layers, one 
should be guided by the concepts of nonstationarity and physical patterns of the surface air layer: 

 ,du d duk
dt dz dz

=  (6) 

 ,d d dk
dt dz dz
Θ Θ
= −  (7) 

 
2 2

,b
db du g d cb d dbk k k
dt dt T dz k dz dz

Θ = − − +α 
 

 (8) 

 ,k l b=  (9) 

 

2

2
2 ,1

4

du g d
dz T dzC

d du g d
dz dz T dz

l

Θ  − 
 κ +
 Θ  −  
   

= −  (10) 

where u — air flow velocity, m/s; t — air temperature, °С; z — height, m; Θ — heat inflow, J/s‧m2·kg; b — energy of 
turbulence, J/kg; g — acceleration of gravity, m/s2; l — scale of turbulence, m; k — turbulence coefficient, m/s;  
c — D.L. Laichtman constant (~0.046); αb — D.L. Laichtman constant calculated by dimensional analysis (0.73);  
κ — Karman constant calculated to solve this problem (~0.397). 

Based on D.L. Laichtman's ideas about the physical laws of an unsteady surface layer of air, we can conclude about 
the role of turbulent motions in the distribution of heat, energy, and air particles. In the case of diffusion of matter and 
energy during heating and transformation of the surface soil layer under fire conditions [13–15], modeling is based on 
the theory of gradient transfer. k is coefficient of turbulent diffusion. kz is value of diffusion transfer in the vertical 
plane. Horizontal components of the turbulence coefficient will be negligible due to the surface roughness and the 
friction force action. To simplify the model equation, we can use the M.I. Budyko equation to calculate vertical 
diffusion coefficient kz at a unit level 

 1
1

1 ,z
zk k p Ri
z

= −  (11) 

where kz — vertical diffusion coefficient, m/s; k1p — kz value at a unit height of z1 and under equilibrium conditions, at 
a height of 1 m, is 0.1–0.2 m/s; Ri  — average Richardson number with respect to the boundary layer, a dimensionless 
indicator: 

 
2 ,

a

dTg
dzRi
dTT
dz

=
 
 
 

 (12) 

where T — air temperature, °С; Ta — temperature in the absolute scale, K; g — acceleration of gravity (9.8 m/s2). 
The authors propose to supplement initial formula (2) of the R. Rothermel model to clarify the development of a fire 

from a surface one to an intense crown one (second layer of the model), calculating the rate of fire advance ωn1 in the 
surface layer according to formula (5). In this case, equation (2) is supplemented by an expression for calculating 
turbulence coefficient kz and replaced by a dimensionless indicator 0.397, because the latter acts as a parameter that 
reduces the segment width of ellipse a. According to the authors of this work, taking into account intense convection 
and subsequent turbulence can help to adjust the width of segment a with greater accuracy in relation to real-world 
conditions. Then formula (2) can be represented by: 

 ( ) ( )0 936 0 2566 0 461 0 1548 .LB . exp . U . exp . U kz= + − −  (13) 
Taking into account expressions (11) and (12), we obtain the final: 

 ( ) ( ) 1 2
1

0 936 0 2566 0 461 0 1548 1 .

a

dTgz dzLB . exp . U . exp . U k p
z dTT

dz

= + − − −
 
 
 

 (14) 

Table 1 shows the results of testing equation (14) and modeling typical cases of convective turbulence. 
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Table 1 
Some Results of Modeling Fire Parameters with and Without Turbulence [16] for an Unsteady Surface Layer 

No. Characteristic U, m/s kz, m/s LB HB a b c 
1 Weak 4.000 – 2.470 22.521 0.521 1.290 1.268 
2 Weak 4.000 0.500 2.370 19.640 0.552 1.301 1.276 
3 Moderate 8.000 – 7.001 139.001 0.220 1.507 1.500 
4 Moderate 8.000 2.000 5.400 107.002 0.281 1.509 1.500 
5 Strong 12.000 – 11.610 579.501 0.170 2.001 1.997 
6 Strong 12.000 5.000 7.010 199.290 0.290 2.005 1.995 

Discussion and Conclusion. The combustion model under conditions of an unsteady surface layer was considered. 
The values of segment a of the elliptical fire edge, taking into account refined expression (14), were compared with the 
classical R. Rothermel formula [16]. An analysis of the simulation results with the turbulence coefficient (Table 1) 
revealed the largest deviations of these values. At the same time, no significant differences in the parameters of ellipse b 
and c were found, which may confirm the expediency of the proposed refinement. 

Adequacy of the obtained values of ellipse segment a is determined by the Student's criterion (two-sample  
t-criterion). For this purpose, the calculated values of ellipse segment a in the semi-empirical R. Rothermel model and 
in equation (14) proposed by the authors were compared. Table 2 provides the test results. The calculated value of the 
Student's t-test is much less than the critical (tabular) value: 0.609 < 2.776. This proves the statistical convergence of 
the calculation results in the refined model represented by expression (14). 

Table 2 
Comparison Results of the Refined Version of the Model Containing the Turbulence Parameter  

with the Classical Equation of the r. Rothermel Model 

No. Mean value Variance Degree of 
freedom Combined variance 

Value of t-criterion 

calculated critical* 
1 0.374 0.016 4 

0.02 0.609 2.776 
2 0.304 0.024 4 

*With 95% confidence. 

Note No. 1 corresponds to calculations using equation (14), which takes turbulence into account. No. 2 corresponds to 
the classical expression of the Rothermel model, without taking turbulence into consideration. 

Thus, the introduction of expression (14) is justified for an unsteady surface layer (the second layer of the model) 
and makes it possible to significantly adjust the size of ellipse segment a, taking into account internal and external 
vertical convective flows that form turbulence of the surface layer and transform a surface forest fire into an intense 
crown one. 

The adjusted model allows for more efficient calculation of the parameters of spot and intense crown fires within 
forest ecosystems. Further refinement of the equations for semi-empirical forest fire models is promising. Research in 
this area should continue. 
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