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Abstract

Introduction. The scientific literature is actively discussing the topic of mathematical modeling of forest fires development
to predict the speed of spread and area covered. From the perspective of turbulent processes, the height and deflection of
fire, smoke, and hot air columns, as well as the spread of combustion particles and rational directions for extinguishing the
fire, are evaluated. However, existing models do not provide a clear understanding of how turbulence occurs during the
transition of a fire from a near-surface to an unsteady surface layer and higher. In other words, calculating the transition
from ground fire to its more intense form remains a challenge. Addressing this gap is an urgent scientific and practical task.
The aim of this study is to refine the equations of mathematical models for predicting the spread of forest fires, in order to
better control these incidents, which will ultimately help reduce risks and damage from them.

Materials and Methods. To achieve this goal, we studied works covering different approaches, both theoretical and
practical, devoted to the problem of predicting the development of fires. The works of D.L. Laikhtman, A.S. Gavrilov,
and P.M. Matveev were accepted as the main ones. In addition to analyzing these literary sources, the authors applied
statistical methods of information processing and used the possibilities of mathematical modeling.

Results. The generally accepted elliptical shape of the contour of a ground forest fire in the R. Rothermel model has
been interpreted. Its disadvantages for predicting spot and intense crown fires have been demonstrated. The introduction
of parameters such as relative humidity, terrain slope, surface roughness or viscosity, and features of the burning
substance into the equation has been evaluated. The types of convection typical of spot and intense crown fires have
been indicated: internal (thermal) and external (mechanical). The decision not to consider near-surface turbulence has
been justified. To account for surface air layer turbulence, the authors have relied on the concepts of instability and
corresponding physical laws. As a result, the basic formula of the R. Rothermel model was supplemented with a second
layer so that it was possible to predict the development of a fire from a ground one to an intense crown fire. The
dimensionless parameter of 0.397 was replaced by turbulence coefficient k.. This indicator was introduced into the
corrected R. Rothermel equation and supplemented with the average Richardson number, which showed the
relationship between temperature and the diffusion rate in neighboring layers. From these components, an updated
formula has been developed. The results of simulations for typical cases of convective turbulence and fires, with and
without turbulence, were presented in tables. Based on the summary data, we could conclude that the model developed
within the scope of this work was adequate.

Discussion and Conclusion. When refining the semi-empirical R. Rothermel model for an unsteady surface layer, the
introduction of a turbulence coefficient is justified. In addition, it is shown that it is necessary to supplement the single-
layer model with second-level formulas characterizing the development of a fire in an unsteady surface layer. The
adjusted model should more effectively predict the parameters of spot and intense crown fires. Further refinements of
equations for semi-empirical forest fire models are promising, and it is advisable to continue research in this area.
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AHHOTALMSA

Beedenue. B naydHol uTepaType JOBOJIFHO aKTHBHO 00CY’K/IaeTcsl TeMa MaTeMaTH4ecKOro MOJICITUPOBAHUS PA3BUTHS
JIECHBIX TTO’KapOB JUISl TPOTHO30B CKOPOCTH MX PACIPOCTPaHEHHMS U ITUIOIIA I, KOTOPYIO OHH 0XBaTAT. C TOUKH 3peHHs
MIPOLIECCOB TYPOYJIEHTHOCTH OLICHUBAIOTCS TIOTEHIMANbHAs BHICOTA U OTKJIOHEHHE CTOJIOO0B OTHSI, IbIMa, TOPSYero BO3-
JyXa, pa30poc YacTHUIl TOPEHHs W palOHaIbHbIC HANpaBJICHHs rameHus orHs. OJHAKO W3BECTHBIC MOJENU HE IalOT
YETKOTO MPEJCTaBJICHNsI O TOM, KaKk cpadaThiBaeT TypOYJICHTHOCTH IIPH MEpexo/ie Moxkapa ¢ MPUIOBEPXHOCTHOTO CIIOS
Ha HeCTaHHOHapHBIﬁ HpH3eMHBIﬁ U Beime. UHBIMH CJIOBaMHU, CJIOXHO MNPOCUYHUTATh NEPEXOJa HHU30BOI'O IMOXKapa B €ro
OoJiee OMacHyto MHTEHCHBHYIO (hopMy. BocronHeHe 3Toro HeJJocTaTka — aKTyallbHasi Hay4yHasl U MPUKJIaHas 3a/1a4a.
Lens manHON pabOTBI — YTOYHWUTH YPABHEHMSI MAaTEMAaTHIECKUX MOAENEH pacHpOCTPaHEHHsI HU30BBIX JIECHBIX MOXKa-
POB JUTS JTYYIIETO KOHTPOJS 32 3TUMH MHIMACHTAMH, 9YTO B UTOTe OYyZET CIOCOOCTBOBATh YMEHBIIEHHIO PUCKOB H CO-
KpalieHuro yimep0a OT HUX.

Mamepuanst u memoodsl. JInst TOCTYOKEHHS ENN UCCIIEIOBAHMS OBIIIM M3Y4EHBI TPYIbl, OXBATHIBAIOIINE PA3HBIE MOJI-
XOJIbl, KaK TEOPETUIECKHUE, TaK U MPHUKJIAJHbIE, TOCBAIIEHHBIEC MPOOIeMe MPOTHO3UPOBAHKS PAa3BUTHS ITOXKapoB. B ka-
YecTBEe OCHOBHBIX NpUHATH paboTs! J{.JI. Jlalixtmana, A.C. ['aBpuioBa, [1.M. MarBeeBa. Kpome ananmsa aTux nurepa-
TYPHBIX MCTOYHUKOB, aBTOPHI NPHUMEHSJIM CTaTUCTUYECKHE METOJbI 00pabOTKM MH(GOpPMAIMy M HCIIOJIB30BAIN BO3-
MOKHOCTH MaTeMaTH4YeCKOT0 MO/ICINPOBAHUSL.

Pezynvmamul uccnedosanua. VntepnperupoBana oOleNpuHATas JUIMOTHYECKas (OpMa KOHTYpa HU30BOTO JICCHOTO
Ioxkapa B MoJeJin P. POTepMena. Iloka3aHsl ee HEAOCTATKU IJId MPOTHO3UPOBAHUA MATHUCTBIX U MHTCHCUBHBIX BEPXO-
BBIX TMOkapoB. OIIEHEHO BBEJEHUE B ypaBHEHHE TaKHX IapaMETPOB, KaK OTHOCUTEIbHAS BJIAXKHOCTb BO3AYyXa, YKJIOH
MECTHOCTH, LIIEPOXOBATOCTh MIJIU BSI3KOCTH IMOBEPXHOCTH, OCOOCHHOCTH ropsimero Bemiectsa. O003HauUEHBI BUIBI KOH-
BEKIUH, XapaKTEPHBIX Ul ISITHUCTOIO U MHTEHCHBHOTO BEPXOBOT'O IOKapa: BHYTPEHHsSI (TEpPMUUECKas)) M BHEIIHSSA
(Mexarmdeckas). OO0OCHOBaH OTKa3 OT y4YeTa MPUIOBEPXHOCTHON TypOyIeHTHOCTH. J{JIsi paccMOTpeHus TypOyIeHTHO-
CTH TIPU3EMHBIX CJIOEB BO3[yXa aBTOPBI PYKOBOJCTBOBAINCH IIPEACTABICHUAMH O HECTAIMOHAPHOCTH M COOTBETCTBY-
oIMX (U3MYECKUX 3aKOHOMEpHOCTX. B mrore 0a3zoBas ¢opmymna monenu P. Porepmena Obuta omoiHeHa BTOPHIM
CJIOEM, YTOOBI MOKHO OBIJIO IPOTHO3MPOBATH Pa3BUTHE MOXKapa OT HU30BOTO K MHTCHCHBHOMY BepXxoBoMy. bespasmep-
He1it nmapametp 0,397 3ameHeH koddduieHTOM TYpOYIEHTHOCTH k., STOT MOKa3aTellb BHECEH B OTKOPPEKTHPOBAHHOE
paBeHCTBO P. PoTepMerna u 0MONHEH cpeqHUM 4YUCIOM PrHdap/icoHa, KOTOpPOE MOKa3blBaeT 3aBUCHMOCTh MEXKIY TEM-
mepaTrypor u cKopocTeio auddy3nuu B cocemHux ciosx. M3 aTUX cocraBigonmx Obuia chopMHpoBaHa OOHOBICHHAS
¢dopmyna. B Bune Tabauil npecTaBICHB! PE3yJIbTaThl MOJCIHPOBAHNS XapAKTEPHBIX CITyYaeB Pa3BUTHS KOHBEKTHBHON
TypOYJIEHTHOCTH M TOXapoB (¢ ydeToM U 0e3 ydera TypOyneHTHOCTH). CBOJHBIC NaHHBIC MO3BOJISIOT TOBOPUTH 00
a/IeKBaTHOCTH MOJIEIIH, CO3aHHOM B paMKax NPECTaBICHHOW PabOTBHI.

Oocyacoenue u 3aknwuenue. Ilpu yrouneHun nonysmnupudeckoir mojenu P. PorepMena it HecTallMOHAPHOTO MIPH-
3eMHOT0 cJI051 000CHOBaHO BBeJeHHE KoddduirenTa TypOyiaeHTHocTH. Kpome Toro, mokazaHa HEOOXOAMMOCTb JIOTON-
HEHHUS OJJHOCIIONHOM Mozienu (opMyIaMu BTOPOTO YPOBHS, XapaKTepH3YIOIINMH Pa3BUTHE II0XkKapa B HECTAIIMOHAPHOM
npuzeMHOM ciioe. OTKOPPEKTHPOBAHHAS MOZIENb JI0JbKHA Ooiiee () (EeKTHBHO NMPOTHO3UPOBATH MapaMeTPhl MATHUCTHIX
1 MHTEHCUBHBIX BEPXOBBIX IMOKapoB. [lepcreKTHBHBI NabHEWIINE YTOYHEHUS! YPaBHEHUH MOTYIMITUPHUUECKUX MOJIe-
JIeH JIECHBIX MoKapoB. L{enecoodpa3Ho MPOAOIIKUTE UCCIESIOBAHHS B 9TOM HAIPaBIICHUH.

KurodeBble ci10Ba: MaTeMaTHYECKOE MOJICIMPOBAHHE [T0XKapa, TypOYJICHTHOCTh B YCIOBUAX MOXKapa, Iepexos moxapa
W3 HU30BOI'O B BEPXOBOU

BaarogapHocTH. ABTOPBI BEIPaXXaOT 0COOYIO OJIarogapHOCTh Mpodeccopy, AOKTOPY (HPHU3NKO-MaTEeMaTHIECKHX HayK
A.C.TaBpunoBy, komieraM U3 POCCHICKOrO TroCyZapCTBEHHOI'O THIPOMETEOPOJIOTHYECKOTO YHHBEPCHTETA U
peLeH3eHTY 3a NPO(EeCCHOHANBHBIN aHAIN3 CTAaThH U PEKOMEHIALIMH IS €€ KOPPEKTUPOBKH.
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Introduction. According to the United Nations, the number of severe forest fires is expected to increase by 50% by
the end of the 21st century. In 2003, fires in Siberia, Russia, destroyed approximately 22 million hectares of forest
ecosystems. In 2004, 2.6 million hectares of forest were affected in Alaska, USA. In 2010, 1.5 million hectares of forest
ecosystems were destroyed in Bolivia. In Canada, 0.7 million hectares were lost in 2011, and 3.4 million hectares
in 2014. In 2020, wildfires destroyed more than 16.8 million hectares of forest in Australia. The economic damage
amounts to billions of dollars.

The frequency of forest fires and the damage they cause raise questions about how to adequately model the risks of
their occurrence. This includes forecasting the development of emergencies and developing measures to minimize
losses. The construction of model equations assumes that a fire will occur on a specific area during a certain time
period. It is also necessary to estimate the possible duration of the fire, which depends on a number of factors that can
be difficult to determine [1].

Semi-empirical models allow for the selection and refinement of parameters for effective fire prediction in forest
ecosystems. These models are based on the principles of mass, energy, and momentum conservation, and they assume
that the model equations can be written in a simplified form. The corresponding coefficients or empirical parameters are
obtained as a result of observations or experiments [2]. These models spread in the middle of the 20™ century and were
mainly used to predict grass-root fire dynamics. They usually take into account various parameters related to the
combustibility of forest materials, including the initial condition of the forest stand and terrain features.

Meteorological conditions, particularly wind, play a significant role in the occurrence and spread of forest fires. The
combustibility of forest floor materials and terrain slopes, which are taken into account, for example, in Richard
Rothermell's model [1-3], are of secondary importance. The aim of this research is to refine the mathematical model of
the spread of forest fires. This will allow for better emergency response and quicker, more effective action. Timely
action and appropriate measures can help reduce losses associated with forest fires.

Materials and Methods. The study is based on an analysis of works on the surface layer instability by
D.L. Laikhtman, the structure of the boundary layer by A.S. Gavrilov et al. [4, 5], on the detection of forest fires and
their likelihood of becoming intense by P.M. Matveev et al.

The authors also used literary, analytical-statistical, and analytical-graphical methods as well as mathematical
modeling.

For this study, problems of mathematical modeling in forest fire prediction were analyzed. The almost
insurmountable difficulties in calculations for the most dangerous wildfires were noted [6—8], which were caused by
unknown physical characteristics of heat redistribution and the amount of air movement, factors that determined fire
parameters.

Therefore, it should be noted that mathematical models do not represent the transformation of spot fires into intense
crown fires [9]. In the 1970s, P.M. Matveev established that a fire became a spot one if the intensity of convective flows
was sufficient to raise and transport burning particles. At the same time, their burning time should be sufficient to set
fire to objects far from the hearth: forest floor, ground vegetation, stands of trees, etc.

In 1964, N.P. Kurbatsky proposed the first model of heat and mass transfer. In it, the burnout area was estimated by
the surface air velocity, like most fire propagation models. In 2018, a group of authors proposed a modern version of
heat and mass transfer model for predicting fire spotting, taking into account the challenges of writing equations and
still not fully solving the problem [9].

As shown in [1-3], spotting is characteristic of any crown fire when the wind increases. However, from the point of
view of the ground layer physics, a strong ground flow (wind) will contribute to the ignition and spread of fire in its first
stage. At the second stage, both types of convection develop:

— internal (generated by fire, own, thermal, with unstable ground layer air);

— external (created by air-mass conditions, the ground flow velocity loses its significance and prevents the transfor-
mation of a surface fire into a spot, crown one).

Gavrilov A.S., Mkhanna A.I., Kharchenko E.V. in the article “Verification of the model of atmospheric boundary
layer applied to the problem prediction of air pollution from forest fires” emphasized the need to take into account the
proportion of turbulent heat influx in an unstable surface layer with developed thermal turbulence [4]. It was found that
even with a very insignificant heat flow ¢ = 0.003 W/m? in surface conditions, the intensity of the turbulent heat influx
increased significantly — in 35 minutes from 0 to +10.2°C.

Thus, the role of convection is obvious, especially an internal thermal one [4—5]. This factor should be taken into
account when constructing mathematical models of the transformation of spot forest fires into crown fires.
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Results. The R. Rothermel model [1, 6] is based on empirical material and allows us to efficiently calculate the
parameters of a surface forest fire (Fig. 1).
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Fig. 1. The generally accepted elliptical shape of the contour of a surface forest fire

To predict the behavior of a forest fire, the ellipse parameters are calculated: a, b and ¢ (formulae 1-3). In this case,
the main computational characteristic of the model is the rate of spread of the forest fire, @, (m/s), which is determined
by (4 [1].

b o, 1+HB ®,

a=—-.,b= + ,c=b— s )
LB 2 HB HB
LB =0.936exp(0.2566U )+ 0.461exp (—0.1548U ) - 0.397, )
2 —_—
g LB+VLB L 3)
LB-~/LB* -1
o, =0, (1+k(U)+k(S)), @)

where a — segment of the ellipse (height); » — segment of the ellipse (the length in the frontal area of the fire);
¢ — segment of the ellipse (the length of the burnt-out area); LB — width of the ellipse segment b; HB — height of the
ellipse segment b; U — flow (wind) velocity, m/s; o, — speed of forest fire advance, m/min; wo — density of the
formation of combustible substances, kg/m?; k(U) — size of the particles of vegetative burnt matter, m?; k(S) — rate of
complete vegetation burnout, m/min.

The authors believe that this model is not suitable for predicting spot and intense crown fires, as it practically does
not take into account meteorological parameters except for the speed of surface flow (wind) [7-8]. In this regard, main
predictive equation (2) should be clarified by incorporating additional parameters. Thus, M.A. Sofronov, in 1967,
proposed taking into account not only wind speed but also relative humidity, considering its daily fluctuations, and the
slope of the terrain and surface roughness or viscosity when assessing the spread rate of surface fires [9-11].

If a crown fire has evolved from a surface one, the rate of fire propagation should be calculated at two levels: near-
surface (0—1 m) and surface (1-2 m) [12]. In the near-surface layer, it is more important to take into account the
properties of the burning substance, including its density and quantity (see formula 4). In the surface layer (the second
level of the model), parameters such as air temperature and humidity, vertical and horizontal flow rates are more
significant:

; (6))

Ve

where ®,; — fire advance rate in the surface layer, m/min; o, — fire advance rate in the near-surface layer, m/min, from
formula (4); o — air temperature in the near-surface layer, °C; ¢#; — air temperature in the surface layer at an altitude of
1-2 m, °C; vo — velocity of the air flow in the near-surface layer, m/sec; v, — horizontal component of the air flow
velocity, m/sec; fo — relative air humidity in the near-surface air layer, %; f; — relative air humidity in the surface layer
at a height of 1-2 m.

With the presence of a spot and intense wildfire, both internal (thermal) and external (mechanical) convection occur.
Turbulence causes particles to scatter upwards and away from the source, which can significantly alter the parameters a,
b, and c.
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The authors note that it is pointless to take turbulence into account in the near-surface layer (0—1 m), since it is
extinguished by the surface layer of forest litter or soil. To account for the turbulence of the surface air layers, one
should be guided by the concepts of nonstationarity and physical patterns of the surface air layer:

du d , du

=L 6
dt dz dz ©)
d_®:_ikd_®, %
dt dz dz
2 2

() ygdo P, 4yt ©
dt dt T dz k dz dz

k=Ib, )

(dujigd@

=—oc Lty &) T dz (10)

4 d(dujz_gd@’
dz |\ dz T dz

where u — air flow velocity, m/s; t — air temperature, °C; z — height, m; ® — heat inflow, J/s'm?>kg; b — energy of
turbulence, J/kg; g — acceleration of gravity, m/s%;, [ — scale of turbulence, m; & — turbulence coefficient, m/s;
¢ — D.L. Laichtman constant (~0.046); ab — D.L. Laichtman constant calculated by dimensional analysis (0.73);
« — Karman constant calculated to solve this problem (~0.397).

Based on D.L. Laichtman's ideas about the physical laws of an unsteady surface layer of air, we can conclude about
the role of turbulent motions in the distribution of heat, energy, and air particles. In the case of diffusion of matter and
energy during heating and transformation of the surface soil layer under fire conditions [13—15], modeling is based on
the theory of gradient transfer. k is coefficient of turbulent diffusion. £ is value of diffusion transfer in the vertical
plane. Horizontal components of the turbulence coefficient will be negligible due to the surface roughness and the
friction force action. To simplify the model equation, we can use the M.L. Budyko equation to calculate vertical
diffusion coefficient % at a unit level

k. :klpzi\/l—ﬁi, (11)
1
where kz — vertical diffusion coefficient, m/s; kip — kz value at a unit height of z; and under equilibrium conditions, at

a height of 1 m, is 0.1-0.2 m/s; Ri — average Richardson number with respect to the boundary layer, a dimensionless
indicator:
Q4T
Ri——_dz__ (12)

_ -
T, (dT)
dz
where T — air temperature, °C; T, — temperature in the absolute scale, K; g — acceleration of gravity (9.8 m/s?).

The authors propose to supplement initial formula (2) of the R. Rothermel model to clarify the development of a fire
from a surface one to an intense crown one (second layer of the model), calculating the rate of fire advance w,; in the

surface layer according to formula (5). In this case, equation (2) is supplemented by an expression for calculating
turbulence coefficient k. and replaced by a dimensionless indicator 0.397, because the latter acts as a parameter that
reduces the segment width of ellipse a. According to the authors of this work, taking into account intense convection
and subsequent turbulence can help to adjust the width of segment a with greater accuracy in relation to real-world
conditions. Then formula (2) can be represented by:

LB =0.936exp(0.2566U ) +0.461 exp (~0.1548U ) — kz. (13)

Taking into account expressions (11) and (12), we obtain the final:

LB = O.936exp(0.2566U) +0.461 exp(—O. 1548U) —klpi 1-

2]

(14

Table 1 shows the results of testing equation (14) and modeling typical cases of convective turbulence.
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Table 1

Some Results of Modeling Fire Parameters with and Without Turbulence [16] for an Unsteady Surface Layer

No. Characteristic U, m/s k., m/s LB HB a b c
1 Weak 4.000 - 2.470 22.521 0.521 1.290 1.268
2 Weak 4.000 0.500 2.370 19.640 0.552 1.301 1.276
3 Moderate 8.000 - 7.001 139.001 0.220 1.507 1.500
4 Moderate 8.000 2.000 5.400 107.002 0.281 1.509 1.500
5 Strong 12.000 - 11.610 579.501 0.170 2.001 1.997
6 Strong 12.000 5.000 7.010 199.290 0.290 2.005 1.995

Discussion and Conclusion. The combustion model under conditions of an unsteady surface layer was considered.
The values of segment a of the elliptical fire edge, taking into account refined expression (14), were compared with the
classical R. Rothermel formula [16]. An analysis of the simulation results with the turbulence coefficient (Table 1)
revealed the largest deviations of these values. At the same time, no significant differences in the parameters of ellipse b
and ¢ were found, which may confirm the expediency of the proposed refinement.

Adequacy of the obtained values of ellipse segmenta is determined by the Student's criterion (two-sample
t-criterion). For this purpose, the calculated values of ellipse segment a in the semi-empirical R. Rothermel model and
in equation (14) proposed by the authors were compared. Table 2 provides the test results. The calculated value of the
Student's t-test is much less than the critical (tabular) value: 0.609 < 2.776. This proves the statistical convergence of
the calculation results in the refined model represented by expression (14).

Table 2
Comparison Results of the Refined Version of the Model Containing the Turbulence Parameter
with the Classical Equation of the r. Rothermel Model
Value of #-criteri
No. Mean value Variance Degree of Combined variance alue of Fetiferion
freedom —
calculated critical*
1 0.374 0.016 4
.02 . 2.
2 0.304 0.024 4 00 0609 776
*With 95% confidence.

Note No. 1 corresponds to calculations using equation (14), which takes turbulence into account. No. 2 corresponds to
the classical expression of the Rothermel model, without taking turbulence into consideration.

Thus, the introduction of expression (14) is justified for an unsteady surface layer (the second layer of the model)
and makes it possible to significantly adjust the size of ellipse segment a, taking into account internal and external
vertical convective flows that form turbulence of the surface layer and transform a surface forest fire into an intense
crown one.

The adjusted model allows for more efficient calculation of the parameters of spot and intense crown fires within
forest ecosystems. Further refinement of the equations for semi-empirical forest fire models is promising. Research in
this area should continue.
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