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Abstract

Introduction. Estimation of the parameters of probability distribution laws using probability grids is widely used in
practice, particularly in modern software systems. This approach is actively employed for statistical analysis, where the
calculation results are presented as a probability graph. This allows for the assessment of the correspondence between a
given data set and a proposed probability model, as well as the identification of outliers. In the context of probabilistic
assessment of the loading of machine elements and structures, some authors suggest applying the Fisher—Tippett law.
This law is characterized by a distribution function with three parameters and is oriented to the maximum. This provides
flexibility in the description of statistical data and enables the estimation of the maximum value in the context of
loading. Nevertheless, the existing literature has not sufficiently substantiated the graphical representation of calculation
results and the method of parameter estimation, including the use of the probability grid method, which limits the
practical application of the Fisher—Tippett law. Therefore, the aim of this study is to justify and develop a methodology
for estimating parameters of the Fisher—Tippett law using the probability grid method.

Materials and Methods. The principles and theoretical foundations of constructing probability grids, the preliminary
grouping of data, and a ranking method for estimating the empirical distribution were considered as the materials for the
study. Analytical dependencies for constructing a probability grid and estimating the parameters of the Fisher—Tippett law
were justified. The method of mathematical modeling and comparative analysis were employed. The Matlab 8.6 software
package was utilized for modeling. The data were summarized in a tabular format and visualized in the form of graphs.
Results. The method of constructing a probabilistic graph and the method of graphical estimation of the parameters of
the Fisher-Tippett law were justified and demonstrated by example. A graph of the empirical distribution function and a
probability plot with a description of the locations were presented. A method for constructing a special scale for
estimating the shape parameter centered on the origin was proposed. A comparative analysis of parameter estimates
obtained using graphical and analytical methods was performed. Estimates of the scale, shape, and shift parameters
were compared. The relative error in estimates using the probability grid method was not more than 2%. The indicator
for the scale parameter was 1.83%; for the shape parameter was it 0.67%, and for the shift parameter it was 0.45%.
Corresponding results of the analytical assessment were 4.4%, 9.33% and 2.13%. In this case, the error was higher, but
it did not mean that the analytical method was less accurate.

Discussion and Conclusion. The adequacy of the proposed method of graphical estimation of the parameters of the
Fisher—Tippett law by the probabilistic grid method has been demonstrated. This method can be applied, for example,
within software packages or user applications. A special scale for graphically estimating the shape parameter can also
be used to estimate the shape parameter of the Weibull law. The obtained analytical dependencies, the provisions of the
methodology and the graphical materials can be used in the development of the corresponding national standard.

Keywords: probability grid, probability graph, distribution parameter estimation, reliability analysis, Weibull law,
Fisher-Tippett law
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OpueunaﬂbHoe meopemuieckoe ucczzedoeayue
MeToa BepOATHOCTHOM CeTKH AJs1 3aKkoHa Pumepa — Tunmera

A.A. Kotecos
JloHCKOH rocy1apCTBEHHBII TEXHUUECKHI YHUBEpCUTET, T. PocToB-Ha-[lony, Poccuiickas ®enepanus
< a.kotesov(@yandex.ru

AHHOTANUA

Bgeoenue. OuieHKa MapaMeTpPOB BEPOSITHOCTHBIX 3aKOHOB PACIIPEIETICHUS C MCIIOIb30BAaHUEM BEPOSTHOCTHBIX CETOK
HaXOJWT IINPOKOE NMPUMEHEHHE Ha MPAKTHKE, OCOOCHHO B COBPEMEHHBIX MPOrPaMMHBIX KOMIUIEKCax. Takoi Ioxxon
aKTMBHO HMCHOJB3YeTCs AJIsl CTATUCTUYECKOTO aHANIN3a, T PE3yNbTaThl BHIUMCICHUH IPEICTABIAIOTCS B BUAE BEPOSIT-
HOCTHOTO Tpaduka, 9To Ja€T BO3MOXKHOCTH OLIEHUTh COOTBETCTBHE HaOOpa AaHHBIX IPEIIOIAracMoi BEpOSTHOCTHON
MOJIENTH U BBISIBUTH BBIOPOCHL. B KOHTEKCTE BEPOSTHOCTHOH OLIEHKH HArpyKEHHOCTH 3JIEMEHTOB MAallMH M KOHCTPYK-
LU HEKOTOpBIE aBTOPHI IIpeAJIaratoT PUMEHATh 3akoH Pumiepa — Tunmera. ITOT 3aKOH XapakTepusyercs: QyHKIUeH
pacripenieneHusi, KoTopasi COICpKUT TPU MapaMeTpa U OPHEHTHUPOBaHA HA MAaKCHMYyM, 4TO OOecIlieunBaeT THOKOCTh B
ONKCAaHUM CTaTUCTUYECKUX JAHHBIX W MO3BOJIAET MOIy4aTh OLIEHKY MaKCHUMAalIbHOTO 3HAYEHUS B KOHTEKCTE Harpy»KeH-
HocTH. TeM He MeHee, B CYIIECTBYIOLICH JMTepaType HEelI0CTaTOYHO OOOCHOBaHbI rpaduueckoe mpejcTaBlieHHe pe-
3yJbTAaTOB BBIUUCIEHUNA U METOAMKA OLEHKU MapaMeTpOB, B TOM YHCIE U C HCIOJIb30BAHUEM METOJA BEPOSITHOCTHOU
CEeTKH, YTO OIPaHMYMBAET MPAaKTUYECKOe NMpuMeHeHue 3akoHa Duinepa — Tunnera. Takum oOpa3om, OCHOBHas LiElb
JAHHOTO MCCJIEIOBAHMS 3aKIIF0UaeTcsi B 00O0OCHOBAHMHM M pa3pabOTKE METOJMKH OLICHKH MapaMeTpoB 3akoHa Duimepa —
Tunnera ¢ UCNOJB30BaHUEM METOJA BEPOSITHOCTHOM CETKHU.

Mamepuanst u memoost. B xauecTBe MaTepraIoB pacCMaTPUBAINCH MPUHIIMIIB M TEOPETHUECKHE OCHOBBI ITIOCTPOCHUS
BEPOSITHOCTHBIX CETOK, Ipe/IBapUTEIbHAS IPYIIIMPOBKA JAHHBIX Y PAHTOBBIN METOJ OIIEHKH SMIIMPUYECKON (QYHKIINU
pacripenenenus. OOOCHOBBIBAINCH aHATUTHYECKUE 3aBHCUMOCTH IS ITOCTPOEHHS BEPOSTHOCTHOM CETKH W OLECHKH
napameTpoB 3akoHa @umiepa — Tunmera. Vcnonap30Baauck METO MAaTeMaTHYECKOIO MOJEIMPOBAHUS U CPaBHUTENb-
HBIA aHANW3. [ Mo#enpoBaHuUs 33 CTBOBAIIN MPOTPAMMHBINA KOMIUTEKC «Matinab 8.6». JlanHeie 0600mamyu B Tab-
JMYHOM (popMaTe U BU3yalU3UpOBaIN B BUE IPadUKOB.

Pesynemamut uccnedosanusn. O60cHOBaHA M TIOKa3aHa HA MIPUMEPE METOIMKA TIOCTPOSHHUS BEPOSITHOCTHOTO rpaiKa 1 Me-
ToMKa rpadyecKoi oueHKH napamerpoB 3akona Pumepa— Turmera. [Ipencrapnensr rpaduk smmmprdeckor GyHKIUN
pacnpeneneHus ¥ BEpOSTHOCTHBIHN rpaduk ¢ omucanueM no3unuid. [Ipeuioxkena MeTouka MoCTPOSHNS! CEUABHOM IITKa-
JIBI JUISL OLIEHKHU TapaMeTpa (popMbl, OpDHEHTHPOBAHHOM Ha TOUKY OTCYETa B Hauajle KOOp/MHAT. BBINOIHEH CpaBHUTEINLHBIH
aHAJIM3 OLICHOK NapaMETPOB, MOTYUYEHHBIX IPAHIECKUM M aHATUTHYECKHM MeToaMi. COMOCTaBISUINCH OLIEHKH ITapameT-
poB MacmTtaba, ¢opmbl ¥ cuBura. OTHOCHTENbHAsh IOIPEIIHOCTh OIEHOK METOJOM BEpPOSITHOCTHOM — CETKH
He npeBbnmaet 2 %. [lokasarens i mapamerpa macmradba — 1,83 %; dopmer — 0,67 %, capura — 0,45 %. CooTBeTCTBY-
IOIIHMe UTOTY aHAJMTHUYeCKOH oueHKH: 4,4, 9,3 %3 % u 2,13 %. B naHHOM ciy4ae MOrpenIHocTh BhIlIe, OJTHAKO 3TO HE 3Ha-
YWT, YTO AHATUTHYECKHI METOJI MEHEE TOYCH.

Obcyacoenue u 3axniouenue. 1lokasaHa aeKBaTHOCTh MPEAJIOKEHHON METOAMKU TpaduuecKoll OLEHKH MapaMeTpoB
3akoHa Puiepa — Tunmnera METOAOM BEPOSTHOCTHOHN ceTKU. Ee MOKHO IPUMEHATh, HAIPUMED, B POrPaMMHBIX KOM-
IUIEKCaxX WIM TOJIb30BaTENbCKUX NpHiIokeHusx. CrienuanpHas mKana it rpaduyeckoil OlUEeHKH mapamerpa (OopMBbI
TaKKe TMOAXOANT JUIA OLEHKH napamerpa ¢opMel 3akoHa BeitOymma. IlomydeHHbIe aHATUTHYECKHE 3aBHCUMOCTH, T10-
JI0KEHHSI METOIMKHU U TpauuecKuii MaTepua MOKHO UCIIONIb30BaTh MPH pa3paboTKe COOTBETCTBYIOIIEIO HAMOHAIb-
HOTO CTaHJapTa.

KioueBble c10Ba: BepOSTHOCTHAs CETKa, BEPOSTHOCTHBIM TpaduK, OllEHKA MapaMeTpoB paclpeieieHHs, aHaIu3
HAJEXKHOCTH, 3aK0H BeliOyma, 3akon @umepa — Tunmera

Bnaroaapnocnl. ABTOp BbIpaXXacT 6naroz[apHocn, PCUCH3CHTaM, 4Ybd KpPUTHUYCCKas OICHKAa MNPEACTaBJICHHBIX
MaTe€pruaioB U NPEIIIOKEHUSA MO UX COBEPIICHCTBOBAHUIO CII0COOCTBOBAIH 3HAYUTEIIbHOMY NOBBIIMICHUIO Ka4€CTBa
H3JI0KCHUA PE3YJIbTATOB UCCIICOBAHUA.

Jas nurupoBanus. KorecoB A.A. Meton BeposTHOCTHOW ceTku Ui 3akoHa Pumnepa — Tumnmera. bezonacrocmo
mexHo2eHHbIX U npupoouvix cucmem. 2025;9(2):146—157. https://doi.org/10.23947/2541-9129-2025-9-2-146-157
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Introduction. Graphical representation of statistical analysis results in the form of probability graphs is widely used
in modern software systems, particularly in the analysis of reliability or survival. This allows for the estimation of
distribution law parameters and the identification of outliers'. Estimation of parameters using probability grids is used
alongside other well-known methods and in some cases may be preferable. Probabilistic graphs are employed in the
processing of resource test results? and the creation of control maps in quality management systems?>. The probability
grid method enables a visual assessment of the correspondence between a data set and an assumed model for a random
variable, as described in the works of M.A. Deryabin[1], S.A. Dobrotin [2], V.L. Shper [3], Ya.l. Bulanov [4],
K.S. Ablazova [5], N.P. Velikanova [6], G.Sh. Khazanovich [7] and other modern scientists.

V.E. Kasyanov [8] and A.A. Kotesov [9] propose using one of the forms of generalized distribution of extreme
values [10] with a certain type of parameterization, which they propose to call the Fisher—Tippett law, for probabilistic
assessment of machine element and structure loading, but differs in that it focuses on maximum values. The Fisher—
Tippett law is suitable for estimating reliability indicators in combination with the Weibull law, for example, when
applying the load—strength failure model [11].

The graphical representation of the calculation results and the method used to estimate the parameters for the
Fisher—Tippett law are not well justified. The scientific literature and regulatory and technical documents do not provide
a specific method for estimating these parameters using a probability grid, which limits the practical application of this
law. Therefore, the aim of this study is to develop and substantiate a methodology for estimating Fisher—Tippett law
using the probability grid method.

Materials and Methods. Estimation of distribution parameters using probability graphs is based on grouping data
by intervals and constructing an interval empirical distribution regardless of the assumed theoretical distribution.
Therefore, such methods are often called nonparametric or rank-based. A probability grid is constructed for a specific
probability distribution law in order to get a linear relationship between variables*. Plotting involves linear
approximation of an array of empirical points on a probability grid. Therefore, this approach may be considered crude,
but it is often used along with others. The probability grid method can be decisive in the case when other methods are
untenable. For example, when estimating parameters using the maximum likelihood method, the likelihood function
may contain several local maximas. In this case, parameter estimates can be very inaccurate [12].

To justify the probability grid, we need to reduce the probability distribution function to a linear form. The Fisher—
Tippett distribution function is defined by the following expression:

c—X

b
F(x): l—e_( a j , x<gc, (1)
0, x>c,

where x — value of a random variable; a, b, c — scale, shape, and shift parameters of the distribution, respectively.
We transform distribution function (1) by taking the logarithm of both the left and right sides. Provided that ¢ > x, we get:

—ln(l—F(x))z(c_x)b,

a
ln(—ln(l—F(x))):bln(c—x)—bln(a). 2)

Obviously, expression (2) is a linear function of the form:
y=gqx+m, 3)

where x — function variable; ¢ and m — constants.
Comparing (2) and (3), we get:
ln(—ln(l—F(x))) =bln(c—x)-blin(a).

%,—J
v gx+m

Expression (2) differs from a similar sound to the Weibull distribution with three parameters in that only the right

side is different:
Weibull law Fisher

bln(x—c)—bln(a) bln(c—x)—bln(a).

" GOST R ISO 16269-4-2017. Statistical methods. Statistical data presentation. Part 4. Detection and treatment of outliers. Electronic Fund of Legal
and Regulatory and Technical Documents (In Russ.) URL: https://docs.cntd.ru/document/1200146680 (accessed: 15.01.2025).

2 GOST R 50779.27-2017. Statistical methods. Weibull distribution. Data analysis. Electronic Fund of Legal and Regulatory and Technical Docu-
ments. (In Russ.) URL: https://docs.cntd.ru/document/1200146523 (accessed: 15.01.2025).

3 GOST ISO 7870-1-2022. Statistical methods. Control charts. Part 1. General guidelines. Electronic Fund of Legal and Regulatory and Technical
Documents. (In Russ.) URL: https://docs.cntd.ru/document/1200192703 (accessed: 15.01.2025).

*GOST 11.008-75. Applied statisticas. Graphic methods of data processing. Use of probability papers. (In Russ.) URL:
https://meganorm.ru/Data2/1/4294753/429475313 1.pdf (accessed: 15.01.2025).
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Therefore, to construct a probability graph of the Fisher—Tippett law, it is advisable to use the basic provisions of
GOST 11.008 and GOST 50779.27. According to these standards, statistical data are plotted on a probability grid
during graphical analysis, and then the distribution parameters are estimated. Let us note that the probability grid
method is implemented both graphoanalytically and completely analytically. Therefore, to eliminate possible ambiguity,
we will call the estimation of parameters using the probability grid method graphical, and the estimation by the
maximum likelihood method analytical.

The left side of expression (2) allows us to determine the ordinate of the probability scale for estimating the scale
parameter. Let us assume that ¢ — x = a. By substituting this value in (2), we get:

ln(—ln(l—F(x))) =bln(a)—bln(a),
In(~In(1-F (x))) =0,

eln(—ln(l—F(x))) 0

—ln(l—F(x))_z 1:

e—ln(l—F(.\')) _ e[

E

—1 =e
1—F(x) -
1
F()C)zl—;,
F(x)~0.6321. (4)

Result (4) allows us to conclude that the abscissa of the point approximating the line with zero ordinate will be an
estimate of the scale parameter.
The decimal logarithm can be used along the abscissa axis of the probability graph. In this case, dependency (2) will
take the form:
ln(—ln(l—F(x))) z;(blg(c—x)—blg(a)) .

g (e)

An important aspect of implementing the probability grid method is the initial processing of statistical data,
specifically, obtaining an interval series of variations and estimating the empirical distribution function values. To
obtain an empirical distribution function, a ranking method is typically used, which involves estimating the position of a
distribution based on ordered data, considering the characteristics of the variation series (mean, median, mode, etc.).
Therefore, various dependencies are used to determine the ordinates of points, including expressions for approximate
estimation [13]. In this case, the choice will be determined by the amount of empirical data, the expected theoretical
distribution, and the type of probability graph. This takes into account the need for an adequate description of the
extreme members of the variation series [14].

It should be noted that some previous approaches to estimating the empirical distribution function have been
criticized, and this may be the subject of a separate discussion [15].

Results. The inverse function method is used to model a set of random data without a specific physical meaning,
distributed according to the Fisher—Tippett law.

The inverse distribution function is obtained analytically from expression (1):

F(x) =1—e7[%ij ,
—ln(l—F(x))z(c_ij,

F"l(x)zc—a” —ln(l—F(x)). %)
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The simulation was conducted using the Matlab 8.6 software package, (Fig. 1), according to the specified
parameters a, b, and c¢. The initial data used for the modeling are presented in Table 1.

Table 1
Initial data for modeling
Parameters of the Fisher—Tippett law Number of values
a b c n
100.00 3.00 250.00 100
fisher_tippet.m* +
1 -
2 —
3 -
=
o=
[ "ETeHepalMA MACCHMEE CAYYAWHHY YMCHEN B MHTepEans [0;1] c© noMomem EoMa=me rand():':
o= gamma = rand(100,1);
8 — ' BBENMCIeHEMEe SHadeHyst ofpaTHON BYVEHRLUMM SaroHa $Mmepa-TUONeTa M NONYYeHEMe CiTydaiHol EHGODKM B EMOE MaccHMea data:';
9 - data = c-a*|(-log(l-gamma)).”(1/b}):
10
I (=
12 =
13 =
14 - Tou
15 = opt = statset(’ s5',le5, "FunValCheck', "off');
16 — EBOueHKa mapaMeTp cI b KOMaHME mle () ':
17 — params = mle (data, "pdf',custompdf, 'start’', [100 3 250], 'Cptions',opt, "UpperBound’', [0 0 -Inf], "UpperBound’', [max (data) Inf Inf]):
Fig. 1. Modeling a set of random data in Matlab 8.6
The simulation results in the form of a set of random data x; are presented in Table 2.
Table 2
A set of random data with no definite physical meaning
No. Xi
1 201.98 222.87 | 182.26 | 183.98 | 133.30 | 114.41 204.15 157.16 169.63 | 217.17
2 124.97 100.63 | 138.10 | 112.03 | 185.71 | 160.66 169.88 123.02 192.45 | 179.76
3 143.79 97.90 118.26 | 208.58 | 152.80 | 95.93 179.54 214.92 155.05 | 132.63
4 140.21 199.05 | 140.76 | 179.14 | 200.77 | 189.65 178.47 117.03 152.32 | 174.79
5 148.32 164.27 | 169.47 | 153.61 | 160.16 | 200.97 | 201.86 198.03 187.74 | 205.69
6 160.11 147.75 | 109.29 | 188.97 | 127.93 | 179.33 153.42 128.49 159.80 | 160.55
7 176.62 180.02 | 183.43 | 149.66 | 113.64 | 170.37 180.74 132.75 84.58 | 172.97
8 147.27 138.01 | 158.67 | 133.01 | 161.65 | 168.27 194.75 114.29 162.36 | 139.61
9 199.99 156.53 | 104.26 | 161.36 | 181.23 | 178.00 | 241.30 197.14 144.12 | 159.39
10 195.72 167.66 | 182.20 | 148.29 | 148.13 | 144.22 180.65 161.10 169.07 | 132.26

An analytical assessment of the scale, shape, and shift parameters has been conducted. The estimates are indicated
respectively — a’, b’, ¢’ (Table 3).

Table 3
Results of the analytical evaluation of the parameters

Estimates of the parameters of the Fisher-Tippett law

a’ b’ c’

104.40 3.28 255.32

The Fisher—Tippett law, unlike the Weibull law, has a restriction on the right and sets the maximum value for a
random variable. Therefore, to obtain a series of variations, it is necessary to order the values in the dataset (sample)
from maximum to minimum.
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If the sample size is n < 30, then it is not advisable to group the data by intervals. In such cases, each variant should
be assigned a rank of j, and an approximation for the median position of these ranks can be used to estimate the values
of the empirical distribution function [16]:

j-03 .
F(x;)= =1,2...n), 6
(v) =2 o2l ) ©)
where x; — value of the sample variants ordered from maximum to minimum, corresponding to the j-th rank;

j — ordinal number of the rank; n — sample size.

Otherwise, for n > 30 it is necessary to group the data by intervals in accordance with the absolute sample size. At
the same time, it is recommended to take the number of interval £ in the range of 7 < k <40 depending on sample size n.
To group the data, it is necessary to determine the boundaries of the interval by selecting the values X < xmin and
X" 2 Xmax, and divide the resulting interval [X"; X ] into the intervals of equal length /:
X-X
==

Then, an interval variation series should be obtained by determining the number of sample values #;, that fall within
each interval. Each interval is described by abscissa X;, which defines the position of the ordered data distribution.
For the middle position, the empirical distribution function is estimated using the expression:

k

F(X,)= %(izl,l..k), ®)
i=1

h @)

where X; — middle of the i-th interval; n;, — number of sample members that fell into the i-th interval; £k — number of
intervals; n — sample size.

As an example, the values of the empirical distribution function were grouped and calculated (Fig. 2) for the data set
from Table 3.

0.999
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0.900

0.800

0.700
0.632

0.500
0.400

0.300

Ln(—Ln(1-F(X))), —

0.200

0.100

0.050

0.010 1 i i i
0 50 100 150 200 250

)(’_

Fig. 2. Empirical distribution function: 1 — function; 2 — middle of the interval

Figure 2 shows the probability value along the ordinate axis; and the values of the dataset (sample) without a
specific physical meaning are shown along the abscissa axis.

For data grouping, we assume k = 25, X" = 84, X"" = 242 and determined value /# = 6.32. One sample value falls into the
first three intervals, so they are combined. The total number of intervals — &k = 23. Table 4 provides the calculation results.
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Table 4
Calculation results
Rank interval — >
3 ¥ @
i " X, FX) = 3 < g &
< N & %
= 4, ~
beginning end = §
T
S
1 2 3 4 5 6 7 8 9 10 11

1% | 223.04*% | 242.00* 1 232.52 0.0099 0.0099 23665 | —4.6101 22.68 1.3555

2 216.72 223.04 2 219.88 0.0198 0.0297 2.3422 | -3.5015 29.00 1.4623

3 210.40 216.72 1 213.56 0.0099 0.0396 2.3295 | -3.2087 35.32 1.5480

4 204.08 210.40 3 207.24 0.0297 0.0693 23165 | -2.6335 41.64 1.6195

5 197.76 204.08 7 200.92 0.0693 0.1386 2.3030 | -1.9024 47.96 1.6808

6 191.44 197.76 4 194.60 0.0396 0.1782 22891 | -1.6282 54.28 1.7346

7 185.12 191.44 4 188.28 0.0396 0.2178 22748 | —-1.4038 60.60 1.7824

8 178.80 185.12 12 181.96 0.1188 0.3366 2.2600 | —0.8906 66.92 1.8255

9 172.48 178.80 5 175.64 0.0495 0.3861 2.2446 | —0.7175 73.24 1.8647

10 | 166.16 172.48 7 169.32 0.0693 0.4554 2.2287 | —0.4979 79.56 1.9007

11 159.84 166.16 9 163.00 0.0891 0.5446 22122 | -0.2402 85.88 1.9339

12 153.52 159.84 7 156.68 0.0693 0.6139 2.1950 | —0.0497 92.20 1.9647

13 147.20 153.52 9 150.36 0.0891 0.7030 2.1771 0.1939 98.52 1.9935

14 | 140.88 147.20 3 144.04 0.0297 0.7327 2.1585 0.2771 104.84 | 2.0205

15 134.56 140.88 5 137.72 0.0495 0.7822 2.1390 0.4214 111.16 | 2.0459

16 128.24 134.56 6 131.40 0.0594 0.8416 2.1186 0.6111 117.48 | 2.0699

17 121.92 128.24 3 125.08 0.0297 0.8713 2.0972 0.7179 123.80 | 2.0927

18 115.60 121.92 2 118.76 0.0198 0.8911 2.0747 0.7963 130.12 | 2.1143

19 | 109.28 115.60 5 112.44 0.0495 0.9406 2.0509 1.0379 136.44 | 2.1349
20 | 102.96 109.28 1 106.12 0.0099 0.9505 2.0258 1.1005 142.76 | 2.1546
21 96.64 102.96 2 99.80 0.0198 0.9703 1.9991 1.2575 149.08 | 2.1734
22 90.32 96.64 1 93.48 0.0099 0.9802 1.9707 | —4.6101 155.40 | 2.1914
23 84.00 90.32 1 87.16 0.0099 0.9901 1.9403 | -3.5015 161.72 | 2.2088

where ¥ — Correction when combining intervals 1-3 into one interval [223,04; 242,00]
On the x-axis of the probability graph, we use a scale with decimal logarithms. The calculation results from
columns 8 and 9 of Table 4 determine the coordinates of the points for plotting {Lg(X;); Ln(—Ln(1-(F(X;))+F(Xi1))))}.
At the next stage, the shift parameter is evaluated. To do this, a smooth curve (rather than a straight line) (Fig. 3,
pos. 2) should be drawn through the array of points (Fig. 3, pos. 1).
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At the point where the straight line intersects the zero ordinate (Fig. 3, pos. 7), graphical estimation of scale
parameter A4 is made.
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Fig. 3. Graphical estimation of the Fisher—Tippett law parameters: 1 — points with coordinates {Lg(X:); Ln(-Ln(1-(F(X:)+F(Xi+1)))};
2 — line for estimating abscissa X3 along ordinate Y3; 3 — point with coordinates {Y3; X3}; 4 — points with coordinates {Lg(C —X:);
Ln(—Ln(1-(F(Xi)+F(Xi+1))))}; 5 — straight line approximating points 4; 6 — line for estimating the scale parameter; 7 — intersection
point of lines 5 and 6, advising the estimation of scale parameter 4"; 8 — scale for estimating shape parameter B’; 9 — point with
coordinates {0; 0}; 10 — straight line drawn through point 9 parallel to straight line 5, to evaluate shape parameter B” on scale 8

Figure 3 shows the probability value along the ordinate axis, and the abscissa axis shows the values of a data set
(sample) without a specific physical meaning.

The coordinates of the points of the extreme members of the variation series are denoted by {Xi; Y1} and {X3; Y2},
and Y3 coordinate is estimated:

Y +Y,

== €)]

Using ordinate Y3 on the previously indicated curve, abscissa X3 can be determined (Fig. 3, pos. 3). Then shift
parameter C’ is estimated:

r

r_ XI'XZ_XCsZ . (10)
X, +X,-2X;

In the example presented, the extreme terms of the variation series are the midpoints of intervals i=1 and i =23 with
coordinates {Lg(X;); Ln(—Ln(1H(F(X})))} and {Lg(X23); Ln(—Ln(1—(F(X22)+F(X23)))}. Accordingly, Y1 = La(—Ln(1-(F(X)))),
Ys = Ln(—Ln(1-(F(X)+F(X2))), Xi = Lg(X1); Xo = Lg(Xa3). As a result, a graphical estimate of shift parameter C” = 248.88. We
use it to adjust the abscissa of all points, determining values (C"—X;), and plot the points with the corresponding coordinates on the
graph (Fig. 3, pos. 4). As you can see, after the correction, the points lined up “more evenly”, which allows us to draw a straight
line through them (Fig. 3, pos. 5).

The estimate of the shape parameter corresponds to the angle of inclination of the approximating straight line
(Fig. 3, pos. 5) to the abscissa axis. To graphically evaluate the parameter, you can use the coordinates of the points or a
special scale (if available). When estimating the shape parameter by coordinates, it is necessary to express the values
along the abscissa axis on the scale of the natural logarithm, i.e. use the value Ln(X) instead of Lg(X).

The considered example shows a scale for graphical evaluation of shape parameter B (Fig. 3, pos. 8). To
construct the scale, the coordinates of points {Lg(X); Ln(Y)} were calculated based on the set values of the shape
parameter (Table 5). The scale is oriented to the reference point with coordinates {0; 0} (Fig. 3, pos. 9). To estimate
the shape parameter, it is necessary to draw a straight line parallel to the approximating line through the reference
point (Fig. 3, pos. 10).
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Table 5
Building a scale for graphical evaluation of the shape parameter
B’ 0.5000 1.0000 2.0000 3.0000 4.0000 5.0000 6.0000
Ln(Y) 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Ln(X) 2.0000 1.0000 0.5000 0.3333 0.2500 0.2000 0.1667
Lg(X) 0.8686 0.4343 0.2171 0.1448 0.1086 0.0869 0.0724

As aresult of data processing, graphical estimates of the parameters of the Fisher—Tippett law were obtained (Table 6).

Table 6
Results of graphical parameter estimation

Estimates of the parameters of the Fisher—Tippett law

A’ B’ c’
98.17 2.98 248.87

After evaluating the parameters, we need to perform a check using inverse function (5) with the specified probability values:
1

F‘l(x):C'—A'(—ln(l—F(x)))E, (11)

By calculating the values of inverse distribution function (11) and connecting the resulting points on the graph, you
can visually assess the quality of the model. As you can see, the graph of the inverse function (Fig. 4) smoothly
describes the array of initial points (Fig. 4, pos. 1 and 2). This suggests that the model is able to accurately describe the
data, and the parameter estimation has been performed correctly.
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Fig. 4. Checking the model after graphical evaluation of the parameters
1 — starting points with coordinates {Lg(X:); Ln(—Ln(1-(F(Xi)+F(Xi+1)))};
2 — graph of inverse distribution function F~'(x) with parameters 4", B’, C’
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Figure 4 shows the probability value along the ordinate axis, and the abscissa axis shows the values of the data
set (sample) without a specific physical meaning.
The results of the verification calculations are presented in Table 7.

Table 7
The results of the model's testing
Flx) Fl(x) Lg(F'(x)) Ln(=Ln(1-(F(x))
0.0010 239.1548 2.3787 —6.9073
0.0050 232.2033 2.3576 —5.2958
0.0100 227.8309 2.3068 —4.6001
0.0500 212.5564 2.2775 -2.9702
0.1000 202.6589 2.2537 —2.2504
0.2000 189.4586 2.2317 —-1.4999
0.3000 179.3564 2.2096 -1.0309
0.4000 170.4725 2.1862 —0.6717
0.5000 162.0373 2.1596 —0.3665
0.6000 153.5320 2.1263 —0.0874
0.7000 144.4053 2.0758 0.1856
0.8000 133.7435 2.0299 0.4759
0.9000 119.0766 1.9303 0.8340
0.9900 85.1730 1.8882 1.5272
0.9990 61.3715 1.7880 1.9326

As it can be seen, the graphical and analytical estimates of the parameters are close to the parameters set during the
modeling of the dataset (a, b, ¢).

It is not entirely correct to compare the estimates obtained with respect to the specified parameters, however, such a
comparison is justified if the specified parameters are taken as the true parameters of the general population, and the set
of random data x; is considered a representative sample. A comparative analysis of graphical and analytical estimates is
presented in Table 8.

Table 8
Comparison of graphical and analytical estimates of parameters
3
$— = 5]
. 239 2 3 g
Indicator s g Value 5, % | & g Value 5, % g Value 3, %
wn ' N — (=8
3 S e
o e =
=
7!
Preset parameters a 100.00 - b 3.00 - c 250.00 -
Analytical estimai 2
nalytical estimation) - . 10440 | 440 | b’ 3.28 933 | ¢ 25532 | 2.13 £
of parameters =
Graphical estimati A
rapaical eSHImation) - . 9817 | 183 | B 2.98 067 | €| 24887 | 045 °
of parameters 5
Q
Comparative analysis has shown that the relative error of graphical estimates does not exceed 2% (& <2%). The §

error of the analytical estimates in this example turned out to be higher, but this does not mean that the analytical
method is less accurate.
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Discussion and Conclusion. The presented probability grid method for the Fisher-Tippett law is adequate and
suitable for practical application. For example, it can be used in software packages or when creating custom
applications for graphical representation of statistical analysis results. It opens up the possibility to perform model
fitting together with other known methods, even if they are untenable. The proposed method of constructing a scale for
graphically estimating the shape parameter can be used to evaluate the shape parameter of the Weibull's law. The
obtained analytical dependencies, the provisions of the methodology and the graphic material can be useful in the
development of an appropriate national standard.

References

1. Deryabin M, Bavykin O, Dyakov D. Application of the Probabilistic Paper Method to Determine the Law of
Distribution of Measurement Results. In: Proceedings of Il International Scientific and Practical Conference “Modern
Trends in the Development of Science and Education: Theory and Practice”. Moscow: Institute of System
Technologies; 2018. P. 67-72. (In Russ.)

2. Dobrotin SA, Kosyreva ON. Assessing the Presence of Outlier in Retention Time Data from Chromatographic
Analysis. In: Proceedings of International Scientific and Practical Conference Science and Technology Research — 2024.
Petrozavodsk: New Science; 2024. P. 11-22. URL: https://sciencen.org/assets/Kontent/Konferencii/Arhiv-konferencij/KOF-
971.pdf?ysclid=m6huh354xe556269601 (In Russ.) (accessed: 15.01.2025).

3. Shper VL. Quality Tools and More! Part 5. Analysis of the Distribution Law Using Probability Grids .Methods of
Quality Management. 2021;8:54—60. (In Russ.)

4. Bulanov Yal, Moshkalo NG, Kurdenkova AV, Shustov YuS, Malyuga DK. Establishment of Empirical Laws of
Distribution for Key Quality Indicators of Para-Aramid Fabrics for Armored Packages with Anti-Cut and Anti-Punch
Properties. The News of Higher Educational Institutions. Technology of Light Industry. 2023;59(1):106-109. (In Russ.)
https://doi.org/10.46418/0021-3489 2023 59 01 20

5. Ablazova KS. Control Charts that Determine the Stability of the Technological Process and Their Applications.
Problems of Computational and Applied Mathematics. 2023;3(49):124—134. (In Russ.)

6. Velikanova NP, Velikanov PG. Changing the Heat Resistance of the Turbine Blades Material with Taking into
Account the Influence of Operational Life. Ecological Bulletin of Research Centers of the Black Sea Economic
Cooperation. 2023;20(2):42—48. (In Russ.) https://doi.org/10.31429/vestnik-20-2-42-48

7. Khazanovich GSh, Apryshkin DS. Assessment of the Influence of Internal Factors on the Indicators of Passenger
Elevator Units Utilization Based on the Results of Regular Monitoring. Safety of Technogenic and Natural Systems.
2023;7(3):34-43. https://doi.org/10.23947/2541-9129-2023-7-3-34-43

8. Kasyanov VE, Demchenko DB, Kosenko EE, Teplyakova SV. Method of Machine Reliability Optimization
Using Integral Indicator. Safety of Technogenic and Natural Systems. 2020;1:23-31. https://doi.org/10.23947/2541-
9129-2020-1-23-31

9. Kotesov AA. Fisher-Tippet Law Truncated Form for Loading Modeling of Machinery Structures. Safety of
Technogenic and Natural Systems. 2024;8(4):39-46. https://doi.org/10.23947/2541-9129-2024-8-4-39-46

10. Fisher RA, Tippet LHC. Limiting Forms of the Frequency Distribution of the Longest of Smallest Member of
Sample. Mathematical — Proceedings of the Cambridge Philosophical Society. 1928;24(2):180-190.
https://doi.org/10.1017/S0305004100015681

11. Kolesov AA, Kotesova AA. Comprehensive Correction Strength and Loads Characteristics Sample Distributions

Parameters at Machinery Engineering Objects Reliability Optimization. News of the Tula State University. Technical
Sciences. 2023;8:699-708. (In Russ.) https://doi.org/10.24412/2071-6168-2023-8-699-700

12. Lawless JF. Statistical Models and Methods for Lifetime Data, 2nd ed. Hoboken: Wiley; 2011. 664 p.

13. Ross R. Graphical Methods for Plotting and Evaluating Weibull Distributed Data. In: Proc. of 1994 4th
International Conference on Properties and Applications of Dielectric Materials ICPADM). Brisbane, QLD, Australia;
1994. P. 250-253 http://doi.org/10.1109/ICPADM.1994.413986

14. Hyndman RJ, Yanan Fan. Sample Quantiles in Statistical Packages. The American Statistician. 1996;50(4):361-365.
http://doi.org/10.1080/00031305.1996.10473566

15. Makkonen L, Pajari M, Tikanmiki M. Discussion on “Plotting Positions for Fitting Distributions and Extreme
Value Analysis”. Canadian Journal of Civil Engineering. 2013;40(9):927-929. https://doi.org/10.1139/cjce-2013-0227

16. Benard A, Bos-Levenbach EC. Het uitzetten van waarnemingen op waarschijnlijkheids-papier. Statistica Neerlandica.
1953;7(3):163—173. https://www.sci-hub.ru/10.1111/.14679574.1953.tb0082 1 x ?ysclid=m6hw 1 ukl7k73 1787987



https://bps-journal.ru/
https://sciencen.org/assets/Kontent/Konferencii/Arhiv-konferencij/KOF-971.pdf?ysclid=m6huh354xe556269601
https://sciencen.org/assets/Kontent/Konferencii/Arhiv-konferencij/KOF-971.pdf?ysclid=m6huh354xe556269601
https://doi.org/10.46418/0021-3489_2023_59_01_20
https://doi.org/10.31429/vestnik-20-2-42-48
https://doi.org/10.23947/2541-9129-2023-7-3-34-43
https://doi.org/10.23947/2541-9129-2020-1-23-31
https://doi.org/10.23947/2541-9129-2020-1-23-31
https://doi.org/10.23947/2541-9129-2024-8-4-39-46
https://doi.org/10.1017/S0305004100015681
https://doi.org/10.24412/2071-6168-2023-8-699-700
http://doi.org/10.1109/ICPADM.1994.413986
http://doi.org/10.1080/00031305.1996.10473566
https://doi.org/10.1139/cjce-2013-0227
https://www.sci-hub.ru/10.1111/j.14679574.1953.tb00821.x?ysclid=m6hw1ukl7k731787987

Kotesov AA. Probability Grid Method for Fisher-Tippett Law

About the Author:

Anatoly A. Kotesov, Cand.Sci. (Eng.), Associate Professor of the Department of Transport Systems and Logistics,
Don State Technical University (1, Gagarin Sq., Rostov-on-Don, 344003, Russian Federation), SPIN-code, ORCID,
ScopusID, ResearcherID, a.kotesov(@yandex.ru

Conflict of Interest Statement: the author declares no conflict of interest.
The author has read and approved the final version of manuscript.

006 asmope:

Anatonnii AHaTonbeBn4 KoTecoB, KaHIUIAT TEXHHYSCKUX HAYK, HOICHT Ka)eAPhl SKCIUTyaTaI[MH TPAHCIOPTHBIX
CHCTEM W JIOTHCTHKH J[OHCKOTO rocymapcTBeHHOro TexHudeckoro yHuepcutera (344003, Poccuiickas deneparms,
r. Pocros-na-Jlony, mi. ['arapuna, 1), SPIN-kox, ORCID, ScopusID, ResearcherID, a.kotesov@yandex.ru

Konghnuxm unmepecog: apTop 3asiBjisieT 00 0OTCYTCTBHH KOH(INKTA HHTEPeCoB.
Aemop npouuman u 0006punl OKOHUAMELHBLIL 6APUAHM DYKORUCH.

Received / IToctynuiaa B pexakuuio 07.02.2025
Reviewed / Iloctynuiaa nociie penensuposanus 25.02.2025
Accepted / IlpunsTa k nyoaukanuu 10.03.2025

Machine Building

157


https://www.elibrary.ru/author_profile.asp?authorid=1068805
https://orcid.org/0000-0003-0966-8640
https://www.scopus.com/authid/detail.uri?authorId=57219283753
https://www.webofscience.com/wos/author/record/AAL-7299-2020
mailto:a.kotesov@yandex.ru
https://www.elibrary.ru/author_profile.asp?authorid=1068805
https://orcid.org/0000-0003-0966-8640
https://www.scopus.com/authid/detail.uri?authorId=57219283753
https://www.webofscience.com/wos/author/record/AAL-7299-2020
mailto:a.kotesov@yandex.ru

